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_

- "A student shall do a total number of sixteen papers in the four Semesters.
Each paper will carry 100 marks - 20 marks for intemal evaluation during
the semester and 80 marks for external evaluation through end semester

~ examination. All the papers in the First, Second and Third Semesters will
be compulsory. The paper XHI and XTV of the Fourth Semester will also
be compulsory. The rcmnmgtwop@petsfortinounhSemtemmﬁbe

* chosen by a student from the optional papers. The names and numbers
ass:gned to the papers are as follows.

First Semester
0  Macroeconomics Theory -1
Ol  Mathematical Methods for Economic Analysis-I
v StaﬁsﬁcalMa}ndsfochbnomic Analysis -
~ Second Semester . '
V  Advanced Microeconomics
v Macroeconomic Theory -1
VI Mathematical Methods for Economic Analysis-1I
Third Semester
' IX Development Emnomn:s—!

" X Internationai Economics
XI  Issuesin Indian Economy
X@1 Public Finance-

.Fourth Semester
XII Development Economics-II
XIV Public Finance-II

Papers XV and XVIare optumal
A student has to choose any two of the fol!owmg Courses.

" (a) Population and Human Resource Develcpmem
(b) Econometric Methods

(c) Environmental Economics
(d) Financial System




MATHEMATICAL METHODS FOR
ECONOMIC ANALYSIS-II

' Unit 1: Optimization with Equahty Comtmint _
Opummanon wnh equalxty constraints, Lagrange’s muinpher method—
apphcauontoconsum sequﬂx’bnummdpmmoer se:thbnummfac:cx'

* market. :

Unit - 2: Calculus for Dynamic Analysis

First order differential equation and its solutions — —application to dynaxmc
stability of market and simple growth process (Hannd Domar), Firstorder
difference equation and its solution- application of difference equation —
lagged market model (Cobweb) and Harrod’s model of growth.  ©

Unit - 3: Optimization with Inequality Constraint

Liner programming, General formuiation Transportation problem, diet .

prob!em and producnou probicm Simplex mcthod of solution (two'
variables, two constraints only) —Concept (}f dualzty

Unit - 4: Game Theory
Two-person Zero sum game — pure strategies with saddle pdint, games

* without saddle point - the rules of dominance — solution of games without
saddle point — mixed strategies, Basic ideas and examples of non zero sum
games — Nash equilibrium, Prisoner’s dilemma and Repeated games.




UNIT 1

-OFMHZA’IIONWEQUALH‘Y CONSTRAINT
l.1 Introduction

1.2 Objecuves _
1.3 Method of Lagrange Mulupher _
1.4 Ecammwplmmofcmmmdspunmformﬂnynﬁmmm
I.5. Constrmuedcostmuuuusauon. '
1.6. Summary

1.7. Fut:her-reading;

1.8. Exercise forself assess_ixlent. i

1.1. lntroductmn

In our previous chapters we have smd:ed two different contents - opmmsanon
with a single explanatory variable & with two explanatory variables. But these -
tcc!iniqncs were unconstrained extrema in the sense that the decision made
. regarding one variable does not impinge upon the choices of the remammg
 variables. Fori instance, a two. product firm can choose any value for Q, &any
_ value for Q2 it wishes mthout the two choices hnntmg each other.

" ‘But in practice, the decision of firms is restricted by many economic & other
problems. For example, in the theory of conisumer behaviour a consumer has to
maximnise utility keeping in view his total income or budget of the consumer asa

| constraint. So the budget limitation will restrict the choices of the consumer in
deczdmg the purchase of the basket of goods. Snmlar]y in case of aproducer the
restriction may com in the form of cost minimisation with the production function -

- as constraint. The primary purpose of imposing a constraint is to give due
cognizance to certain limiting factors present in the optimisation problem.




1.2. Objectives : .
The;maincbjéptivesofthischaptcrmw—
1) Analyse the process of constrained op&misaﬁon |

-2) Apphcatlon of constrained opmnsanon process in proﬁlmaxmnsauon.

3) Study the process of constramed opmmsauon in the case of cost
minimisation. _
1.3 Lagrange Multiplier Method

Lagmuge nm!upha method is used toconverta consuauuemmum problem
intoa form such that the ﬁrstordercondmmmthefreeexmmpmbkmwl}
can be applied. ' '

lﬂmmideraﬁnmﬁdnhaﬁng{wocxplanaﬁpryvaﬁabhs i,,x_, suchum
yr":f(xp.x'g).""l‘ ------------ (l}

We need to find out the combination of X;.X, that will exthermanm:sc or
. minimise the function subject 1o the satisfaction of an equality constraint.

_ where Cis a constant. _
: Eqmbn(l)kcdhdﬁw“nbjebﬁve-ﬁnnim”&miscaﬁedmeqmmymmim

When we want to optimise the function with the given constraint, the lagrange
function will be T

.‘ L=f(x1:xg)+uc'g_(x;;x.;)} “““““ (3}

 Thie symbol ) (Lambda) is called a Lagrange multiplier. Since the Lagrange
function given by (3) is now a function of three variables x,,x,&A, the -
maximisation of L requires tosausfyﬂmfirstordcr&secmdordercomhuons
of maximisation.-. ' '




—=0, 0 & —=0
- ox, Bx oA _
aL £ . '
Now, — =L =f - ,=0.—.>1=--..;. ....... -(4)
ax, & g
aw . . . £
_a&.'_"L:=fz_lgz=0=>lé_;“'f“'{5)
31.
al C g(xivx) 0 -
- I W
From (4) & (5) A=—t=-2
‘ ; 8 8

. 'The first order condition can be derived by using total differential approach also

y =f(x,,x;)

= dy = fdx +fdx,=>91&-_‘l-----------._ ......

2

-B‘

-ﬁw
—
2

Now let us take total differential of
g(x,.x,) "-"C
dx, _ g

= gdx, +g, dx, =d(C) = 0= —L = -_;----._;--._(73
hmala¥ 3 2
fz

 From ()& () -z 8 B 0
, ' f. & g &
Secondordermdiﬂon

“The sufﬁcncm second order condition can be denved with the help of second
order differential d’L- Butforsnnphmty we will just mention these conditions
_ with the help of a new determinant value | H| called Bordered Hessian
d E in: B " | . .
For two variables case

|H, >0, for maximisation & '|"ﬁ2 |<0, for minimisation

This condition can be extended for three variables case as follows —
_ g -




3 Letus:akcﬁleobjecﬁ ﬁmcliom;vithvariables X, X, & x4
. f=(x,,x, ,x' ) subject to g(x;,x, " 3) C
with L=1(x,,%; , ;) +Mec- g(x,, X, ,X3)] -
Tﬁeﬁrs_tordernecessuryconditions

Ly=L,=L,=0
Semndbrdersuﬂicientmndiﬁdn

m&ﬂmmmmmemmrbmhmmm&m
'Butthcmondordcr condition differ fromeach other.

menumzauonﬂwcmxdmmsareasfaliows

!H3|<0', ]H,|<0

- For maximisation . |H,[>0 |H;|<0
o 7 0 g g: £
g & o gL A
Hm IH l" B4 Lll L:z_ : & lﬂ-;"ﬂ xR 12 3 L
g Ly L Ly
g; Ly Lg

183 'I—-al Ly, Ly

Solution : Fmd the extreme values of the foliawmg funcnons sub]ect to the #
given constraints. :

) y=2%,4+2xx,+X, subject.to 3%, 4+2x, =12
2)  y=2x}+2x,x,+3x} subjectto3x;+5x, =9

.Sohﬂoh:Ourgivenobjecﬁve function is
y=2x,+2x x,—i-x, subject to 3x, +2x, = 12
'I‘helagrangeﬁmcnomsdefuwdas B

L= 2%, +2%, Xy + Xy +A(12-3%, ~2K,) = - == <-=-==(1)

For-optinﬁsaxion, the first order condition requires that




2ot @

gx—L-Oz 2+gx, 3&=0§>k=

1

&€ =0=52x,+1-24=0=> gm it (3)
3 ;
| %,nmiz 3x,-2x, 0 - @

_me 2 & G) A= 2 +32_x= 2 l+22x; _

=5 3+6x, =4+4x, -
= 6%, —4x, =1

l+4x, .
X =— 5
. G | | (5)
Substituting (5) in (4) . :
= L +2x, =12 ==»x1=-61?- ,‘-"x==-33§
, 8y -
1+4x3 L4 (?) 25
5= 6 ?

'Totestthes;econdordercondiﬁon,letué ﬁndﬁwvalmof.jﬁzj

: 0 g 8 | {9 32
Iﬁzl; g L, Lyoi=|302]
£ “Hgy Loy 220
G =—3(0—4}'+2(6-'0)=24>0

ALK, = o —, X, = Esg the value of the function is maximum

2 Objective function is “y =2x] +2x,X, - 3x;
subject to 3x,+3x,=9 | _
Lagrange multiptier function is defined as _.
L= 2xf-.+ 2x,X, = 3x3 + 3\.(9-—- 3x, -5x1')

9




“The first order condition for optimisation reguires -

aL oL AL

=0, ===0, =0
ax, = oxa ok
L, =4x,+2x; -3 =0= x=—_4"*. i N (1)
L,=2x,—6x,~5A=0=>A= ___?‘i’f_ @
aL . . o 4
'—é-i--—Q .3x, - 5x2.=8 3

()& (2} 4x,~;2);3 _ 2!&,;61&-3.

=» 20x, +10x, =6x, = 18x, = 14x, +28%, —{}

—28x
e . T @

Subst:tutmg 4) in (3)
3x(2x2)+5x2-—9=¢x,— =9 - Sox; =18
Here g, =3, g,=35, L;=4,L,=2, L, =2,L,=-6 -

¢ g g | |0 3 s
"|H21= g Ly Lp|={3 4 2
| g Ly La| |5 2 -6
=-3(—-8-10)+5(6-20)=84-70=14>0 _
~= The value of the function is maximumat  x, =18.x,=-9 =

Activity 1 _
- &, Is the constraint always necessary in a real life situation. Think. .




b. Does introduction of Lagrange multiplier change the utility function 7

.................................. - - —— [

- T o e A o —— -

<. Distinguish between Hessian & Bordued Hessian determinant.

d. Fora 5 variables case what should be the condmon of Opumzsanon Do
the exercise with pen and paper. '

.1 o e e B 8 A e e 1 £ e it

14. Ecenomlc application of constrained opllmisation Utility maximisaﬂon
& consumer’s behavior

Let us take the'case ofa hypome_tica} cofxsumcr who has to choose between

two commodities x & y. For simplicity we will also assume that our hypothetical
consumer has positive marginal utility functions. The problem posed here is the
maximisation of ub.hty with a given purchasing power B which indicates hisbudga

Now we have to maximise his utility function

_ U=U(x, y) '(U!,Uy>0) S ¢
Subjectto  xP,+yP =B _ (2)

where P, & P, are the pricesof x & y.

11




Now nt:sapmblemof unl:ty maximisation. Subject to thebudgelmnstramt.].zt
us formulate a Lagrange function as follows.

L=U(x, y)+MB-xP, - yP,-) | €)

The ﬁrstouie:conditibnof maximisation mquimstfm.

%=L,=0,-:=»_U‘—AP,= -=%—:~I --------- )
%=L,=o, ﬂu,-xp,-,-;o ..m%’ --------- (5)
& _g—igrﬂmo = B~xP, —yP, =0 ------- (6)
From(4) & (S5) A=- . B )
b K | |
M:,' ;'hg:; - l(?:pnstant)_

"Iheﬁrs.tm'derconditionofutiiiqr nmunnsaummqumﬂxmﬂmramofmargmal
utiliiesof x &y (U, & U,)toﬂﬁspricesghouldbcequai.ThisisMarshaﬂian
condition of Consumer’s equilibrium

Equation (7) can be rearranged as

' The first order condition can be given alternative mterpretauon in terms of
mdxﬂaence curve.

U=U(x,y)=dU=U,d, + Uy dy
Butalonganfndjfferelxce curve there is nochange in u{zhty du=0

o dy U,
U dx+U dy=0=ZL=-—=
T T T

¥

This represents the slope of indifference curve.

12




 Given budget lineis

xP, +yP, =B
Ps' Psf

. Slope of the budget line is = -g—"—
! : y

Inequilibrium, Slope of the budget line = Slope of the indifference curve

SO 1
T, P,

| The second order condition for maximisation s | H, | >0

. & &
|H.|=|g. L. L,
, gy L)"l L!Y
0 Pn ) P A o
, Since g, =P, 8, =P, . ]
=P U“_' U"" L.=U,oLly = Ug:Ly = UY‘J
Py Uys Ur}' ' : _
lﬁl |=. 2Pxprw P:Uu - P-:UY!' B et (8’

If utility maximisation requires | FI, | tobe strictly +ve, we can show that a-+ve

I H, l _ means strictconvexity of indifference curve at equilibrium. Just as the

) ol ' o =dyt U
- downward slope of indifference curve is guaranteed by a 5. _[I U ] ,its
- : - z ) ¥

2

. \ q
strict convenity would be ensured by a + ve d—x—}; ;

i)

Letus derive the expressibn

ax’
ey 1.5 =m§_ U -9_.U_==..U‘ il E—— 9
< dx| U, ) U] 7 dx |

13




- We know that U = U(x ,y) |
= U, =U,(x,y)=>du =U,dx+U_ dy

= % =U_+ Uy,:'d—y [Dividing both sides by dx]
dx _ .
du P dy P sy &
=—=U,-U_, > s == =% atequilibrium | -
e *P, PR __q.z._l_nu

. du i B
Sn‘miarly "&‘x!“ = Ux_v - U”-P—*"

Substituting the values of -(EJ—‘ —L in(9)
. - dx dx _

dy 1 { . P} P { . P}
&y e —Judu, -U,2-U, U, -U
2 ¥ =l" ¥ P . :fP 5 J )'YPY .

¥ ¥

e — ¥
2 2
; Uav _ ' Py'

-

nfﬁum—npvn-&auw+ﬁvﬁ]

. .= ‘,szpyuw.'.1:»;1;“r _ ]}'{'21

[using ~---- 8]
UFPYE . U?P?
T : . dzy _
SmchHz‘§O,_Uy.>O.P,>O ; ”d.x“‘)o

-, Atequilibriom indifference curve is convex to the'od'gin

Tlustration :
Given the utility function j - xiyi and prices of x & yare Rs.2&Rs. ¢
unit. The income of the consumer is Rs. 40. Fmd maximises his utility.

Solution : Our objective function is (= xiyi _

subject toconstraint  2x+6y=40.

14




The Lagrange functionwillbe
[ : '

L= X3y + A(40=2K — 6y) <= eeemn- ()

_ The first order condition for maximisation

" I

l-Jl-—

|

b
?—'
7
>

1l

|

>€
"<:

Substituting the value of x=2y in (4)
| ' 2y+6y=.40=:oy=--4 . nx=8

The second order condition requires that

: ‘|ﬁ2]-’_: g: Ly Ly Hereg, =2, g, =6,




T2 o2 L 1, |
Ly mlymanty Ta i 3 a0 a2 %
0 2 6

- 11| .2 6Y (2.6
H =2 -—— —|=-2|=-—|+6|=+=
|| 9 24 _(16 24) (24 _9)

(1 1).6(1 'z) |

2| ==~ [+ —+—

8 4 12 3

-—-?-+-5£=+ve'ﬁantity I
8 12 A ;

gL L
24 16

Same : 1, {0, the function has maxinmum valie at y=4  x=8

Activity 2

| a Whj.-'isﬁmisacousﬂaintincaseofuﬁlitymﬁin{isaﬁon?Canalaym1.
maximise utility without a constraint ? Isit possible 7

——— . a—n— y i —— —

e ————— - -

e ol e e - ——

............ - —-— ——— ———————

¢. ‘What is objective function ? -

=, ;e - ——— - e

16
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1.5 Minimisation of Cost
LeastCostCombizmtmnoﬁnputs |

" The technique of constrained optimisation can also be apphed in ﬁndmg ieast
cost input combination (is the quantity of inputs in combination that minimises-

cost.) for the pre-dxct:on of a specified level of output Q -

Letus assume a smooth pmducuon function with two vanablcs L(labour} &
vK{capxtal) _

Q. Q(LK) --------- (D) (Qu.Qy>0)

Now the problem may be formulated as mmnusatxon of cost. prncm of L &
Kare P, & P, ,thecost function wili be

C=PL+PK->----- 225

This is our objemve'fumﬁoﬁ (2)and (1) is our constraint.
Our desired Lagrange function willbe

Z =P L+PK+A[Q,—Q(L,K)]

“The first order condition for minimisation requires

- dZ JdZ JdZ

Z,=2520 Zy="=0and Z -5
Ly K- OB
Now, Z.LzPL-l‘QL=O-. "‘"’3-'=—““'.'“""-"'(3) .
_ _ - Q. TV

17




ZK-P Qe =0 .—.ﬂ...-é-'-. ------- @

K .
Q Q(L K) 0"'**-.---'—--»-.---_—--}{5)
From(3)& 4) A=—t=—Ff s 6)
‘ @, 0 g ‘_

Atthe pmat of eqmilbnum a producer s input pnce ratio= rauo of Marginal
Pmduct of the mputs

R A WELVIENW

Pe 9
Now, Q.=Q(L, K)=dQ. QLdL-l-QKdK

=020, -+

dL

_ Q, :
:::d—K—:”‘Q'E‘ 'sﬁ:esloPeof&mmquant&Slopeofﬂmcostcurvc
. L
L-a-g—-—gﬁ»i(
g P!..

_ Opumal mputcombmatmn wqu:nes that Slope of i ;soquant

= Slope of cost curve

. B
QL_ - B

The second order condition requires that for minimisation | 7, |<0
., 1o g & | |0 _. Q. A
.‘.lelu g Zy Zy |={Qu -AQu AQ |<0
gk Zu Zux| |Q«x ~AQu ~AQuk

= M{QuQ: +QuQi-2Q.Qu H0. [ Qi =Qul"

- 18




The second order condition for maxumsanon requires that the tsoquanf should
" be convex at the point of equ;hbnum. Convemty ofi Lsoquant requxres that

d’L

1K >0

N f‘i&:i[il:];i(_&_)

| dg*  dK \dK Q.

QL % -QgQ
QL

- _ [applying quotient rule]
Similarly we know Q, =Q, (L, K) o
=dQ, =Q,d, +Qdk

d Sy
= '&'i{‘QL =Qix ""QLL'&"I‘("

: s :
- Qu[QL]

| Sm;uiarly dQ" -*ch Qm_ Q

dQ, . dQ, . .
dK & de{S)

ey QK gi
dzL_ QL{QKK QKL[QL] QK{QKL QL}

d* " | 3 F "

=g {QxeL ZQKQLQH— +QU-Q*‘}

Since the quantity within pa[ent}m isa-ve quanuty according tothe condmon
of mamnusaum \ _

19




d’L

e 0 -, The isoquant is convex to the 6:'igiﬂ atthe p_aint of &thbmxm

" THustration : Minimise the cost finction

11

C=2L+4K subjectto Q=8L'K2 =64

Solution : Here we have to minimise cost. So our objective function is cost

, M B L
C=2L+4K SubjecttoQ=8L'K?*=64

: ‘ (|
z=2L44K+x(64'—-8L5K2]

5, b, 1 ; i
Z_L=§=—2—7LSIL“IK3=0=:»?L= z

2 _ WS
- L |
oL | B g T
, - S
zg=iz—=4—xsln4kz '=0=2= ,1 -eete=(2)
BK. 2 _ . i
11
Z, =64—8L'K2 =0--------==cmomoeoe- 3
‘ e |
1 LK 2 L
From(1) & (2) A= Y Ve e i=l ::"E:I _
L*K? PK? L*K? 7
~ ®L=K---e-een L))
TN 3 S
Using@)in(3) 8LL’=64=L'=8=L=(2°)=2"=16
~K=16 S :
! 1. 1
~A= 1 1 =22;1 =i.._|:2_.

16416 2

Let us establish second order condition for minimisation | H,, <0

20




0 g gx
Here{H1|_g,_ Zii Zix

8k Zu .zxx
: ~ 3 b 31
g,_:-‘-SZL* ( 8)-— 16“ 162 =—-l
: I :
-—(—~8)-£L4 KZ —(—8) 16*‘ 16 1=-2
| 3 g o2 A
LLL = (—x)z_(.-ﬂ L+ K3 =(=2) 2(——](16) + 162
3272°= 32‘5=~—3-"
32
' § 2 iy l £k
Loy :(-—2)15 LK =(-2) 2— 16 : 162
" o
= (-2 2"2“"‘ = 2”’ =i
i " = , 16
' L P
Zi =AA-2) L KD _(12)2( o (2*‘) A
, . :
(+2) 22 2'_3 s +2!+|+l—'3. = ]
|Activity 3
a. Give the economic interpretation of first order condition for cost .
v _ % i IA i g

Ib. . Dowearriveat the same condition which are applicable in economic
theory by applying mathematical cost minimisation technique?

e o e e o R

.21




¢. = Compare the first order Condition for profit maximisation & cost
" w - - - 3 = .
1 GSuuunary

Inumtl wehavegonethmughanewtectuuqucofopum:swonmﬁwonsuam
Inareal life sintation weamegiven certain conditions. We can’t go beyond it.
" So, mthenmucshm givenasuitable mterpretanon of such pmbiems with the
: useof}'_.agrangeﬁszmon i

Such optimisation technique can locate relative maxima & minima & absolute
optimurh determination is beyond the scope of this chapter. ' '

Everything is done in this chapter with the help of calculas & the severe most -
Limitation of this technique is ltsmabihtytodealwﬁhmnstrmntswnhmequahty
form. For such problems, We use techniques called linear pmgammg The
remammg portion of ﬂnsbook will explain it.

. 1.7 Further readings :

Allen R. G. D : Mathematical Analysis for economists {1938) Machitlan & Co.

‘MehtaB.C.and G.M. K. Madram(!997) Ma{hemaucs for economistss

Chand&Sons o

22




1.8 Exercise for Self Assessment

. Giventhe utility functi(m T xé 3 2 subject to the budget constraint
2x+ 6y = 40. Find the combmatwn of the purchase of x & y Wluch
will maximise uuhty of the COnswmer.

2. Aproducer produces 72 units output with the cosz function ¢ =’0-5L.+ 9k
sub}ect l(}. Q= 3.1_;' K = 72 - Find the ccmbinaﬁcn of inputs which will

3. Show that diminishing marginal utility doesn’t imply the convexity of
md:ﬁaemecuwedo&cmvemy unply&mxmshmg ma:gumlmhty

2

d
{Hints Conve)uty implies -&x>0 & prove this ccmdmm for the indiffer

curve K= K(x, y)]

4, H"K x’y maunhtyfuncuon.Fmdthecombmanonofx&ywmchleads
the consumer to equilibrium.

. 23




- UNIT2
CALCULAS FOR DYNAMIC ANALYSIS

. 2.1 Introduction
2.2 ¢ Objectives .
2.3: First Order Differential Equation and its Solutions:
2.3 (i) Application to dynamic stability of market and -
- 2.3 (ii) Simple growth process. (i-lmod-Domar)
2.4 : First Order Difference Equation and its Solutions
| 2.4 (i) Application of d:fference equanon lagged marker mode.l N
o (cobweb) |
2.4 (ii) Harrods’ model of Growth
25 Surmws! -
2.6 : Additional Reading’
27 Self Assessment ’I‘est

2 ,mm _

. For dynannc analysis in the economy, calculas is used. The theory of
differential equations has become an essential tool of economic analysis. It :
would be difficult to comprehend the contemporary literature of eco_nanucs_ |
if one does.not understand basic concepts and results of modern theory of
d:ﬁ"emnnal equations. | |

A differential cquatwn expresses thc ratc of change of the cuirent
state as a function of the current state. The unit mamiy covers the first order
" differential equation and its solutions. Its application is done in the dynamic
stablhty of the market and simple growth process. The dtffercnttal equation
is used in the Harrod-Domar growth model.

_ Moreover, in the application of lagged market model and Harrods.
growth model, the first order difference equation is used. A difference equa-

tion measures the cbange in the value of y into successwe periods of time.

: A general first order difference equation takes the form— '

f(t,xi_l) forall ¢.
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" In particular, given any value x,, there exists a unique solution path,

P70 S '

2‘.2 : Objectives : - . . -,

On reading this unit, you shouid be in a position to—

e Understand the concepts and differences of differential equationand -
difference equation. - :

e Becomeefficientin applying the equations in the dynamic analysis of
market model.

2.3 : First Order Differential Equation and Its Solutions :
a) With constant Coefficient and constant term :

' = : dy - -
In a differential equation when the derivative "(i" and the dependent

; d
variable y appear in the first degree and no product of the form y(gﬁ‘)

_appears, then the equation is said to be lmear So in gcncral form, the ﬁrst
order differential equation will be — ; _

Ell+u(x)y=v(x) [ (1)
dx : :

- Where u and v like y, are two functions of x. Here,‘ii’ wand v are
constants, then the first order linear diffrential equation reduces to—

—+ay=b ... 2

This is catled first order linear differential equation withi constant coeffi-
cient and constant term. This is said to be homogonous. If the constant term
b = 0, equation (2) can be wmtcn as—

dy o
—+a =0 '
S dx y ’ (3)_

This form is said to be homogenous. This can be rewritten as -

1o .

y dx @
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= logy = f-adx -
Since, log y = x
= y=e" < =g
U g .
=y=e =y=e = y=e e =>y=Ae _
Putting x =0, y(0) = A and so definite solution.is
y(x)=y(0)Ae™ (6)
But in case of non homognous first-order diffrential equation when
b#0 will be— |
: &
—+ay=b
" 2 |

-Here, the soultion will consist of two parts—- complementary solution -
and particular solution. The sum of these two parts will give the complete
genergal solution. | '

- The complemenitary solution is denoted as * y.” is the solution of the
homognous form i.e. Ei: +ay=0 when y_= Ae™, In case particular inte-
gral, suppose y=c (constant) ' -

s d ) ’
“Therefore, % = 0. The equation can bewritten as ay = b
_ b .
or Y(=Y,)= ot ki
Therefore, the cém;iicte solution is Igiven by the sum of y_and Yo |

Thus, the general solution of complete equation will be—

Y=Yy +yp

‘ s BT o .

=Ae 'i."; : creeveerneennne(T)  where a0

v ) b % b ’
iIf x= 0, Y(O} =Ae" + ; LA= Y(O)‘“ ;— .......... (8)
Substituting (8) in (7),
| b]. .. b -
y(xh[y(ﬁ)*r~|e g 9

Such that az0. _
. 26




dy | .
Numerical Examples Solve the equatmn ?+5Y*12wnth the initial

' .ondmon y@=5

Bol: ~ The complementary func'tio_n is

~—+6 =0  ~y.=Ae

i }’ Y=
- . b 12 i ey
The particular solution ¥, = N 2 putting x=0, y(0) = 5 from initial
pondition. - ' ' |

ko the constant A will be Y(O)“;=5‘?- =73

. The final solution is—

y(x)= [y(l)) —.E—]e"’“ + b = .

a

= y(x) =367 42

* b) First Order Differential Equaﬁon with variable meﬂicwnt and vari- :
able term :

In the differential equation (i) (dy +ay = b) the a and b are constants.
- If these constants are repiacf;d by vanabies which are functions of x, then
it becomes. ’
: 5 o |
Y u(x)y = v(x) M
dx k
Here, u(x) and v(x) are two functions of x. To solve the equation, -
_suppose equation (i) is homogonous, where v( x) =
The differential equation becomes

. §¥.+u(x)? =0 = %g—i* = "U{X) - (2)

: - dx _ ;
If both sides of equation is integrated with respect to x such that—

I%dy =—IU($)d¥ then
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l : = v D i ! .
_ j;—dy:-e_[u(x)dx- = logy »_—--c——_l'u(X}dx = y(x) =e'8

-=> }"(X) - g—&-fn.(x)dx

—ju( x)dx

= y(X) = Ae 3

where A=e™

Equation (3) gives the general solution of the differential equatibn of .
homogenous form with variable coefficient given by equation (4). In equation
(3), the integralj u(x)dx canbe obtained only if u(x) function is explicitly
defined. | '

For exaniple : if the equation is
dy 2.7 : o
——+3x‘y=0 :
Xy | @

7 3 1 . " ) 3 i )
Here u(x)=3x’ and so u(x)dx= 3§-x3 +¢, =x+¢,
< Ju(xydx = x> +c,

The soultion of equation (4) will be

—[234'9‘ ) I

Ly =Ae T = Ac

| :
Dyx)=Ael.e™ =Be*
Whﬁm, B e Ae‘“cl =e—l:-e"c]. ﬂe-{c'ﬂ:l)

As, A and B are arbitacary constants, they can be used S)'monymously. The| -
general solution is

y(x)= A

. Therefore in case of non-homogenous case,

dy N ‘v
dx+u(x)y v(x) (5)

The general solution is given by

y(x)= CIWK[Ai-fve“""dx].
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¢) Exact iﬁfferential Eqﬂaﬂﬁn:
Exact differential equatioh may be both linear and non liner. If there is i
function of two variables F(x,¥); its total differential is given by '
dF dF :

dF(x,y) = —dx +—d
F( _y) i i y
When the totat differential is made equal to zero, the resulting equation

- ;

—dx+— 0 ' (6
dx  dy dy= )

mcalledanﬁxaczdlﬁmmalequanon Thismbecauscofﬁwfactthattbc
left side of equation (6) is exactly the differential of the function F(x,y)

In general, an exact dlffereana} equation is given by .

Mdy + Ndx =0 .ecvrioninnns 7
If and only if there exist a funct:ton F(x,y) such that M 33;‘ and
N:g
dx

T 3@ : Application to Dynamic Stability of Market Price :
The solution of differential equation enables us to obtain the condmons 4

for dynamic stabthty of equilibrium. To demonstrate the dynamic stability of

_matkét price, the single commodity market model have been taken into ac« _

count

Qaq=b=cP (b,c>0) 8}

Q. =—d+eP (d,e>0) - (2)
Q,=Q, - -3
The equilibrium price is given by |
. _ b+d '
P
c+e - (4)

If the initial price P (0) is exactly to t:he_ equilibrium price, the market
price is stable and there is nc need of any dynamic analysis of price. But, if
the initial price is different from the equilibrium price, that is if P (0) % P, Then
market will be unstable as there will be dwcrgence between demand and
. supply at a gw;:n price. Finally, the price will be stabilized in due course
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through a process of adjustment overtime. During this time price as well as

Q, and Q, Will also change. ' o
In dynamm stability, the time path of Pt has to bt‘: tested s0 that thd

pauem of price change can be determined. ;
The change in price is governed by relative szrength of demand and.

sizpp_ly. Therefore, it can be considered that the change in price over time is
directly Proportional to excess demand (Q, - Q) such that

%%ﬂﬁ(Qa-Q,) (@>0) (5)

- Where o represents the adjustment coefficent which remains constant
over time. Now, Substituting Q, and Q, from (1) and (2} in (5)

i .‘.if =ofb~cP+d~eP] = a(b+d)—a(c+e)P

%-?-ra{c-&-e)l’ ab+d) . ..-.‘..;‘..,..'(6)"

Equation (6) represents a first order differential equation wnh constant
coefficient and constant term. To get the t:me path P, we have to t'md out

~ the solution of the differential equation.

Following the gencra.l solution of differential equaucm.

Wiyt ag yt.x>=[y(0)_-;—]e‘f* >

a

'Eq" (6) be written as

. _o(b+d) '-m'wi:).pi_.a{b'l'd)
P ® ofc+c) - ofc+e)

or p,=[p.-Ple™+p M

| b+d |

 where p=c—+e— and B= a{c+c)>0 Since a,c andearcposmve
In equation (7), the time path of P, mobtamed.lusseenmatrcgardmg_

whe&her the initial price P(0) is greater than equilibrium price- p or Jess than
-p p, will tend to p when :-—ux Thxsisbecauseoﬂhefactt}m p>0 and‘

: P | :
soe = ;1; will tend to Zero as z-—a Q. Thus ﬁnal]y the tim;e pathof Py

will C(}nvcrgc tothelevel p. and so the equﬂzbm:m is satd o be dynanucaﬂy
~ stable.
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Numerical Example: N
Let the demand and supply. functions be given by

Q, =8-2P, Q, =-10+420P
" |Itis also assumed that the change in price over time is equal to2 umes ofexcess
demand such that. ;

| B “—“Z(Qd Qs)
To obtain the stabmty condmon of price.
%?-——2[8 2P+10-20P] = %5-4-441"-—-'46
Foilowmg, the solution of dﬂ‘feremm] equation

Pt ;I:P(O)*‘“}“M ""E where. P“= i@_ P=—— 23
: a a a

44 22
[P(O)—u-]e‘*‘“ +~2-3’-
22 , A2

* 23(I): SIMPLE GROWTH PROCESS (HARROD-DOMAR) : -
The Harrod-Domar growth theory basically combines the multiplier and
accelerator principles to explaih the process of steady and progressive growth

of income overtime. The Underlying idea of gmwth theory is thatif the autono-

mous mvestrnent increases, the cmtespondmg increase in output will be —;Aé

.where c is the marginal propensity to consume (1> C> O) and A is the au-
tonomous investment. The expansion of output makes accelerator operative
which leads to increase in induced investment. The additional induced invest-
ment will again be multiplied due to the operation of multiplier and another round
of increase in output begins. The process continues and output expands pro-
giessivel_y. In a national income model, the autonomous expenditure bothcon-

sumption and expenditure are taken intoaccount. . |

Y=C+I+A o
' &h:reC:gywherecnﬂrginhl propensiiytocoﬁsqlme.
IT=v—,
and 1= &

Wherev is accelcratorand A 15 autonomous investment. Therefom on
: subsmutlon Candlin (i) we get.

31




: &
=¢y+v—+A
Y= a

sv¥ oa-0y-a
- dt
Ly (=0 A

dt __v' v
dy s A
dt“vy v

where, s = 1~ ¢ equal to marginal Propensity to save

Cdy

= Y'—“) | where O =

L.

The solution of equation (2) will give the time path of growth in output.
Therefore, the solution of the model depends on the assumption of A-Whether
the autonomous investment is fixed orit is progressive. |

Casel: When A is find.
| o ot g
. Letussubstimte yr-Y-—?
dy _dY
dt dt
' . Cody ; g
and from equation (II), 'E“ﬂ-}’ - (D) where &="

The solution uf equation (1IT) is given by _
: y(t) = y(0)e™ 1V}
The solution of equation (TV) shows that there is progressive growth of

- . i - - 2 S 3
“income or output over time exponentially at arate 0= = > 0
Case II : When autonomous investment is progressive; A = Ae”

When the autonomous investment instead of being fined, increases expo- _
nentially atarate r,(r > 0), Then equation () becomes '

iz




dy _ o Ag” '
clt (y s J vy

If y = §(0)e" as solution of equation (W) taking progressive growthof
output being equal to progressive growth of investment.

s dy .
Thus, e 1¥(0)e

. Equation (IV) can be written as

()" =a[?(0}e"f-—A;‘le_“] _
P 3 ) o A . ‘
=¢(a-—r)y(0)=?A,,=T [whcn: af-—]

A,
v(io— r)

y(O) =-

So, the value of y{O) is fixed by the structural pammetersof the model and -
: constants

2.4: FIRST ORDER DIFFERENCE EQUATION AND I"I's__-so_LiJf-
TION:— ok .
" a) FIRST ORDER DYFFERENCE EQUATION

A
The change inydueto change in time is represented by *Z when time

variable is discrete. Since the time variable takes mtegcrvalue the change inthe
value of y into suocesswe penod is represented by Ay as At =] The value of

Ay is caiied‘ afirst finite difference of y”. Thus, Ay" represents (Yeu—¥.) -
Where y, isthe valueof y inperiodtand y,,, is the value of y in period (t+i).
Sirrﬁlarly, when the change in the value of Ay, overto suoaessi#e'tim period ls
- found out, it is symbolized by A’y Which is equa} to (Ay,,, —Ay,) . Aly is

calléd second finite difference and in genemi term A’y iscalled K finite differ-
ence.
For example—

Ay =(-y)=4 . O
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.or AYt :(Y!.H-yt):()'zYH _ (II)

" Equation (i) can be written as . _
Y:+E=Yt'+4 . s 1 : (3)
' Slﬂuiarly.equanm(ll)canbercwnttcnas g T
Yei =¥ ~02y, 2 ¥,,, =08y, @

. The equations (3) and (4) are called difference equatioé, Sirice these is
time log of anépeﬁodinholhequmims, they are called “first order difference

b) Sdutionotli'irst Order Difference Equation _

Incase of d:fferénce equation, the value of y for a given time penod tis
determined. There mWonwthodsofsolvmg the first order difference equa-
tion — | ' ' '

i) Herative Method of Solution : ; _

_ Inth:smmmcvalmofy,nssubsnuuedmpmdmgtothemlueof
t=1;2,3,.. Fomexample— - .
Ve =Y, +2- Now putting t=0,  y, =y,+2

AsmnPuﬁmg t=1inequation() -

| y,=y,+2= (y9+2)+2 LY =Y+ 22
Agaumtmg t =2, inequation (I) '
Y=Y, +2 =y, +22)}+2 = =Yo +3(2)
Ingemralfoml, y. = Yn +2t
Similady,if y, , =035y, |
when t =0, y, = Oj'y(,
whent=1, y, =05y, =0.5(05y,) = ys(05)’
Similarly t =2, y, =05y, =0505(05)y,]= y,(0.5
- Ingeneral form, y =y, (05)'.
Now, if there mhonwgmous first order dafference equation of the form—

myn-[ )'| = G . : (i)
" n )
=YY= EYI _ (ii)

Following interactive process, the solution of (II) is given by '
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¥ =) vo (i)
Thiscanbewri!tenas yt'r;AbF where b=.gandA=yo

GENERAL METHOD OF SOLUTION : _
* Suppose, 'I'hen: is a first order difference equauon of the fol!o\mng form,
Yin +ay, =C | (D i Bstn e
where aand c are constants. Like differential equation, the general solution
wﬂl also consist of two parts Complementa:y solution and pamﬂarsolunm :
. The comp!ememary solution is the general solution of the homogcnous
Yeur F2Y, =0 -

.Thism'nbewritrenas : P
YH—I Ab[ .' (m) [fouOW!ﬂg Yt YO(%) YI = Ab ]

Substtmtmg equation (IIT) in (II) the cmnp!etmntary solutionis
Ab™* 4+ 2Ab' =0 = Ab'(b+2)=0Z b+a=0 0T b=—a
Thecomplcrmntmy solunon efequauon(unbeooms 5
=Ab' = A(—a) . _
Foranmmngpamcularsoluuon, suppose yl k(cmﬁanI)andso ym = k
'ﬂmncquanon (:} beoomcs. ' ¢ B

C

. k+ak=:c=‘>k'(l+aj=c k::-—»
e S P g l+a
. The particular solution in this case is
_ . B, i g
=k=—— : B
= Bl y?.- . 14a @)
provided that a’:--i-;._ e . _ _
Butifa=-1, y, isnot defined. In that case, the particular solutionis
consxdcrcdas— ' B ' '

y. =kt andso ym_k(lﬂ)

Now, &om equauon ()]
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k(t+])+aki=c=> k(l+t+ar)=c=>k= e

(l_+t+§t)
: ct
s =kts=s———
_ . Ve - (L+t+at)
. The complete solution will be —
y=ACa) +—@z-) (V)
_ 1+4a ;
and y, = A(-a)' +——(a % 1)
' T l+teat
~or  y,=A+ct (since a=~1) v
 If t =0, we will be able to determine the arbitary constant A By putting
.c'
= A 4 ———
I 1+a
e Y
A-\l- i —
[y" 1+a) (Vi)
From (VI) '
) yomA‘i‘D or YG=A
. The final Solution is—
_ . o »
Y = Ymr R #-1
d (yo l1+a 2) l+a- (a )
ad  y, =y 4t - (@=-D)

2.4 (I) Application of Difference Equation lagged markét model
(cobweb) : | ' ' b |
* In a market situation where the outpu{_ decision of producer depends on

the price of the previbus period and the demand for the product being func-

-

tion of current period price, this market model is popularly khéWn as Cob-
web model. This market model is very appropriate for agricultural product or
for the product of perishable commodities. | h
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SUppose, a markét model is—
Q. =f(p) and  Q,=2(p.y)
- Alinear verston of lagged supply and unlagged demand funcnm is consid-
eredanda sunple ma:ket mode! of single commodity is '

Q&'-—a_ bp,. a,b>0 (y
Q,=-c+dp_,, ¢d>0 )
Q=0 . e

_Now substituting (1) and (2) in 'eqﬁation (3), we get.
a-bpu. = -c+dpl;l = bpx -+dp:-i =a+c :

d . a+c’

=>P.+'5PI_I=T . iy A
Shifting the time subscript ahead of one period, from eqn (4)
+E' _a+c ' 5 |

pl+| bpl b ()

Equatlon (5) s a first order difference equation.
Companng equation (5) with the general first order dnffereme equanon we

. f A L
=P, =(p,~P [——J +P ©

. _ . a+¢c
Whe P el

‘Thus, itis seen that the time path of price of the cob\;.feb market model

is the inter temporal equilibriumprice; _

. depends on the ratio —. Since d is slope of supply curve and b is the slope of

" demand curve, the time path of price depends on :he slopes of demand and
supply curve.
' There are three situation dependmg on the relative value of thra slopes of
demand and supply curves———
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Casel: _ g b e
When the sk_)pe of demand curve is greater than the slope of supply curve

orwhend> b, 'g‘> l. So, when the value of t increases in equation(6), the
. 'bt - % ‘ : .- . - _‘. -. - . .--
value of the [E) will go onfalling: So as *'t”” approaches to infinity or when t is

very large (%) .Will tend to zero, Inthaz case, p, will beequaito . Thus,
when slope of demand curve is greater than the slope of supply curve evenif
the initial price p,, is different from equilibrium price , the current price will
approach to equilibrium price when time period is long enough. Hu;e,‘ﬁie”pﬁ'oe

- will be dynamically stable at equilibrium level p and time path of price isknown
as convergent. ' | | |

This situation s shown in figure 2:1

Infigure 2.1, the equilibrium price 7, equilibrium quantity { ,are given by
the point of intersection of demand and supply curve. In the figure, itisseenthat .
if b > d, attheinitial price p,, supply exceeds demandand so price fallsto p,
inperiod 1. Again, at price p,, demand exceeds supply. So price increases
from p, to p,. The process continues and the gap between equilibrium cur- o
rent price and the equilibrium price goes on decreasing and finally the current .
_ priceconvergesto p So, the market will be dynamically stable. -
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CaseIl :

W}wnmesiopeofsupplycnwenssteeperthanthedemmdcurvcorwm_
~d
_b<dthcn**) 1. So as time increases, ( > ] wﬂlgoonmcreasmgaudﬁually

4 _
( b] wditcndmmﬁmtyas ‘t"tendstomﬁmty hasuchasxtmmn thecmrem :

; pm:emlldevmtemoreandmorefmmtheequﬂsbnumpnce Tthm'kapnce
will never became stable and the time path, £, > will be explosive and populaﬂy '
calkddlvergenmmepmh.ﬂlemuanoncanbcpmsenmdmﬁgﬁz,

Inithe figure, it is been that, at initial price £, supply exceeds demand and
 sothe price falls to 7, in time period1, At price £}, demand exceeds supply and.
sopriceincreasesto P,. Againat P,, supply exceeds demand and so price falls
to A. This process continues leadin% to divergence of current price fromthe
equilibrium price. . '
Case Il :

When the slope of both demand and supply curve are the same or when
b=d, then — =1

- Insuchacase (— %) Will be alternatively +1 and -1 depending on whether |
tis even or odd. Therefore, the divergence bet;ween the cunem price and
equmbnumpncemmamsmesameandmemmpath:ssmdtohemgular This
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situation is explained in the figure 2.3, The figure shows the divergence between '
current price and equilibrium price is remaining the same. -

oF N _ ;
o ’ /
O - - D
.
] T
R <+ [
R #---- ’ T
: " |
§ 1
s ¢ -1
T R
3 4 = L 3
(o] H P % Y
Foue :23 ' -

The time path of quantity Q, by substituting the solution of equation (b) in
(1), we havg’, : : ’

-

0=a —b[{Pﬂ - F}(*% j +5]

' o Y e
or QF‘*’_(P.:*—P)(_";)‘f(ﬂ_‘bP) |
2.4. (IT) Harrod Model of growth :

In Harrod model of growth, it is assumed that

a) Actual saving is a fixed proportion of income suchthat -
' S,=ay, 1>x>0 (1) |
where §, is savingsihtimc “}" and y, is incomg in time ¢.

o is the overage propensity to save.

- b) The investment is constant proportion of the difference betwwen current
years’ output to last years’ output such that— - _
Ir .'-_8()’.';-}’:—1.)" 6>0“ (2) -

where /, is investment in time " and § is acceleator.
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<) Macro economic equilibrium requires the aquanon baween planned
' mvestmemand realised saving such that
' ol 5 N ' 3)
Now, substnutmg (1) and (2) in (3), we havc,

ay, =8(y, =y )= ay,~8y,=—8y, =y =-—— -
=25+ a_gyrwl =0 _ : (4)

Equatmn (4) is the first order lmcar homogenons dszcrcnoc equanon.'
whose genral soiunon is. _

The arbitrary constant A = y, shouldbe positive as y, > 0.since, § and -
o are positive, the time path of , will be explosive and non-osciliatory if .

55@, 0nﬂxeoﬂ1¢rhand,il’6<d._(6fa ){0, and the time path of y, will
| H.Snmmnry 5 ;

In the unit, the concepts and solutions of differential equation and difference
equation have been discussed elaborately. The first order differential equation
can be solved in two ways. First, with constant cocfﬁc ient and constant term
and second, with variable coefficient and variable term. Moreover, in dynamic
| stabﬂxtyofma:ketandmﬂarmd-[)onms simple growth process, the first order
thfﬁczcmaalequatm isused. Inﬂlcmalysmgofcobwebmarkemw and lagged
‘market model and Harrods’ model of growth the differential equation is not
used. Here, as there is time lag, the first order difference equation is used.
* Moreover, the concept of difference equation and its solution has also been

explained n this unit. | -

2.6: Additional Reading :

1.Chiang, A.C,: “Purx!amemai Methods of Mathématical Economics”,

a Mc Grow Hill. -
- 2.Baruah, S, “Basic Mathematics and its Economic Apphca:m,w Millan.
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2.7 : Self-Assessment Test : _
1. Solve the foflowing differential equations :
_a) ﬁ +8y ’=='4_ given y(0)=2. p) 3‘ﬁ'+ 6y=10 given v(0)=4.
dx - - TN ;
_ i e R
c) _4_2;_-1- 8xy =4x given y(0)=6.
2. Give the demands and supply models
&:a——@—-ﬂ% ' (a,b>0)
Obtain time path of price p, ifmofchangempﬁcemﬁmeismy |
pmpomonalwexcess demand, the adjustmem coefficient bemg AA> 0) -

Obtain the restrictionon 8 fordynamlc stability. _ i
3. Analyse the following market model for stability o

(a) Qd=10-2p e (b) Q,=s-2p
Q0 =-8+4p L Q=-8+2p
wy e ?
g R +=2(0,~0)

[

4. Solveﬁrfoﬂowwgdsffemequanons
a) Y, —4y, =12, with’ Yo =8 b) ym+3y, =10; thh )’0 =

5.Given the demand and suppiy funcuon for cobweb model.
Q¢=10—2P, O —-5-—3.0,-

Find intertemporal equilibrium price and also detenmme whethcryou will
getstable equilibrium.

6. In a Cobweb Model,

- Q,=a-cp, (a,c>o0) |
Q,=-b+dp_, (bd>0)
Q‘&=Qgr

Obtain the [irﬁc path of and analyse the condition forits convergance. -
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3.2 Objectives
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34 monumm

The search for the best use or the optmmm use has mmgued economists
-thrwghoutthe ages. A rigorous appmach to these pmblems had to waituntil
.: mmmmmmmmgwﬂw&wbpmmgm '

_ 'l‘hehncarpmgammmglsawchmquc fursehcnngﬁwbestaltmmuveﬁma
setof feasible altematives, in smzanonsmwhmhtlwobjecave functionand the
constraints are expresscd as linear functions. In a real sense, programming - |

o pmblcmsammnoentdwﬂhancfﬁcmﬁuscqrcoﬁewmofhnmedmms e
to fulfill the desired objectives. The unit provides an idea of general formulation
of pmductaon diet, tmnsportanon problem, Sunplcx methad and conceptof
dualnyaﬂso '
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~ 32 OBJECTIVES | _ |
“This unit s concerned with the conceptof inear programming and graphic method
bfsoiuﬂmofﬁnea;pmgmnmﬁngﬁoblmﬁ.ﬂmmdiﬂgﬁﬂsmwmdbe
ablew: . | o te
lmowthenmngoflmearpmgtanumngpmblml _ |
" solvelinear programming problem graphically.

.:. mme.momnw&mwmmsmmcs '

; fmnmlateahnewpmgwnmmgpmbm :

: soivehmpwgramnungpwblemb?ﬂmpmm _
. ;xpzainugswpsinvohredinsimpkxmeﬂwdbfsolm
 appreciate the importance of simplex method of solution.

® @ & o o @

33 CONCEPT OF LINEAR PROGRAM!II;?G
Lm;mgmmnmgnspmlyamahemcalmlmqmﬁuﬁnmﬂymo&pmm
' decmmsubjemwccnmnconsmmm&wformofhnwquuahnes. Ttdeals -
with the optimization (maximization ormmmmanm) o_f a furniction subjecttoa
set of linear inequalities and/ or inequalities known as costraints. The objective
fonction may be profit, cost, production ;:apak:ity or any other measure of
effecﬁwmss.w}ﬁchismbeobmsnedmmemmiblemmmm
may be imposed by different sources such as market demand, producuon'
processes and cqmpment, storage capacity, raw matena.l availability, etc. By
the term linearity in mathematics meansan expression in which the variables do
. not have powers. Simply a teiauonsblp is said to be linear if it gives st:mght line
when plotted in graph. Linear programming technique is successfully used in the
field of military, industty, economics, transportation system, health sectorand
even behav:m’al and soc;a! sciences. '

L. V. Kantomvnch a Russ;an mathematician first formulated thc lirmﬁr
programming technique. Several economists like Koopmans.l)orﬁnan Solow, |
Cooperhavealsocontnbutedtoﬁwdevelopmmof the techmque But it was
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technique, the simplex method (which is siill considered as the most powerful
andeﬁic:em:echmqm) in lM?whhwmhngmapro;ectforU.S AlrFomc
: mmﬂedasﬂnfaﬂwrofhmarpmgmmmmgtechmqm

Requkem_dfziLkthmgnmmthmblem: _

~ The basic objét:iive of the use of linear pmgrarmumg technique is to make
" optirmum use of limited resources. Ifresources were not limited perhaps the e
need of management technique like this would not arise. Hmm;meapplm -
of lmearprogmmmngtechmqueremonoeﬁam requuemmts '
1 Asetol'non-neaﬁvity constraints: -

“This condition is required because we are not interested in getting negative
 solutions, e.g. negative output or negative price do not have any meaning.

2. A set of linear constraints: . ' |

| %mpmsents&:esidecmdiﬁousmﬂnﬁnﬁ:aﬁonsmcomﬁﬁi&shwolwdiﬂ .
thesolunonofthepmblcm,Suchcomuamtsamusuaﬂydwtotechmlogcal :

_limitations, oa-resoume limitations, of capacity limitations, or time limitations
etc. :

3. An objective function; -
A well-defined objective function is required either to maximize o to minimize
subject to the above constraints. AN
ApplicauousafLinmrProgmnmung

ﬂwﬁnwm‘ogrmmngtedmzquccanbcszmﬁﬂ!yapphedwam&vmety
of problems. Some of these are dnscussed below:

1. Military problems: This technique is used in mllltary planmng problems.

2. Manufacturing problems: Linear programming technique is nsed to find
out the number of items of each type that should be produced so as to maximize
profit. | | ' | .
3. Production problems: It is used to decide the production schedule to satisfy
: the market demand and to minimize the labour cost, storage cost, etc.
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- 4, Purchasing problems: Linear programmmg technique is als_o appliedto
minimize the cost of production in processing of goods purchased from outside
and varymg in quantity, quality, and prices. '

- 5, Diet problems: This techmque is used in the preparauon of hospital diets,

_ mnathwseholdlevelstoﬂxﬂwnummnmqum:mmofnumw wbjectto- _
- mcavallabdztyoffoodsandﬂmrmcm

: &Tramﬁaﬁonproblem.hnearpmgmmmngnsalsousedmdetenmm o

tﬁeopmmanmunlofgoodsmbcuansponcd&omeachwamhousewmh_"-
ofthemﬂstmesmordertolmmrmzemewtalmstsofgoodsmm _
Itcan alsobeusedmcaseufpassengcmanspoﬁanonwmmmmopemnon _"
“cost. S o -

7. Job assigning problems: It is also used to assign jobs to workers for
* maximum cffectiveness and opnmum results subject 10 mstrzctlons of wages -
~and othercosts, '

Basic Concepts:

' Objective Function: | i
In every linear programming problem, there always exists a definite objective -
with a set of constraints. The objective of the linear programming problem may
be maximization of profit, revenue, sales or output, or minimization of costs
such as production, diet or in transportations, etc. It is generally cxpressed in
terms of linear equations with the dependent variables like profit, revenue, output,

- sales, costs efc., on the left hand side of the equation and other relevant
independent variables on the right hand side of the equation. Such functional
relationship with a definite objective of maximization or minimization is known
asthe "object:ve function” of the linear programming problem. The objective
. fuucnon should be expresscd as a linear function of the decision variables. In

short, objective function which is also known as the criterion function, describes
 the "determinants of the quantity to be maximized or to be minimized”. If for
example, the objective of a firm is to maximize output or profit, then this is the
objective function of the firm. An objective function has two parts: the pnmai

and the dual. Hﬁnmmalef&nobjecaveof&wﬁ:mmwnwunuzeoutputﬂmn L

1tsdualwﬂlbeﬁw nunumzaﬁonoft!wcost
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Thcmaxmuzanonofmeobjecnveﬁnmnmmsuhjectedtomlumauons, 3
'wmcharecaﬂedconsumntsormstncuons.mconsmmormumsm_
- lhehmuauonsorbmmdsunmdonﬂlesoluaonaf&npmbkmﬁrexampie,
lfafumpossessesamammmnamoumofks.womformv&rmt.thmdw i

- ﬁzmcannotspeudfmwstmethanmlsammgwmm:sobvmﬂya!inutamn
on the part of the said firm. Such type of limitation is called as * investment

oonstrmnt oftbeﬁmSmlmiy,ﬂwﬁmmyiﬂvestomge;mbhm,aywm -

mmemanﬁomofxmmmlsanotherhmmoﬂmﬁmm
we can call this as the " spacccmstramt. '

Cmmmma!wcﬂledasuwahlmbecausemeyamgamaﬂycxgmd _

interms of inequalities. In our example, investment constraint is expressedas

 less than or equal to Rs. 60000(1.c mmo}andﬂwspaceconstramtls '
.exprcssedaslessthanorequaitoﬁ(}(ze £60)

Feasible Region:
Fmsiblcmg:onmdm&mglmwhﬂeallthemmmsmsaasfwd.mmle_
- solutions will hemﬂlmﬁwfmsnbierem Haweverﬂmema]argemx&erof
fcas;blesolunonsthhmﬂmfeasnhlemgmn So,problemmseshﬂwtoctmose
ﬂnmmlsolmfmapmucmhmrmgmumgpmbhnhﬂngmphm '
_ mﬁmdsﬁxmrpmnmofﬂ)efm&'bhmgxmsamwn&dmedmgempumum

Iso-cost and Iso-profit Line:

The concept of iso~cos£ and'iso—pmﬁt li.dcs have been playing very important

role in the SOlllthll of linear programrmng problem through graphical method.

- “The term "iso" means equal and thus the iso-cost and iso-profit lines show
equal amount of cost and profit respectively. . Such profit and cost functions

are cxpressed in the form of linear equation of first degree. Therefore, they

represent straight !me&

Such isocost andvnso-pmﬁt lines are drawn through the corner points of the
- feasible region. Thus, we can getaset of parallel iso-profit or iso-cost lines in
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':hegrapnpaper Incaseoflso-pmﬁthnes,theoutcrmostlmeﬁ'ommeongm
"o :sselecmdformeopumumsolunon,asnwzllshowmemmmumpmﬁz.
However, it must also touch one of the corner points of the feasible region..
' mnlaly,mcaseofmhmsﬂwmmmmlemszhmdfompummn-

ztr'\nasushowsmeuummumcosts ' '

F easible Solution
'l‘he teasible so!uuon canbe defined as a point which spetnﬁes such valnes to

N aﬂﬁevmabﬁmvnlmdmﬂwobpcnvcﬁnﬂonefdngmb!emwﬁchwmﬁd e

: msfybodnypmofwnsummstsm:ennﬂ_audnm«mganvny

OpthnnnSohﬂion

T!ubcstofaﬂfeasﬂ:lcsohmzs&aqmmmsoluwnforahmpmg:mmg _ ]
_pmbkmlnoﬁ:emmds,ﬁnopmmlsolu&omsﬂm&ﬁcfaﬂfawbhso%m )
_Hafeasibbsoluﬂonmmmswnumm:m&nob;emvcﬁmcﬂmdmﬂmm :

. _‘optimum or optimal solution. For example, if the objective funcuon ofa

: hmmssmmsmmammm[noﬁtbysdhngaoombmmdmgmds,m. :
-radioand T.V. ﬂ:endnopnnmlsolunonmnbethatcombmumnfmdmand
Tvmaxmammmesmeproﬁmfmemsmsmoﬂdwmmdxmi '
eb;ecuveofﬂnbugncssmanmm:mnungﬂmcostbyﬂmctmweofapmss
or combination of processes, then the process of combiné!ion of processés,
-which actually minimizes the cost, wxllrepmsemtheopnmumsoiunon.'fhe -
opuummsduumwdlhewmwfeaﬂbksolm

"Nan-mgahwty Cnustralnts.

Inhnearpmgranunmgpmblemasetofnm—negaumymmmsmtakmm'

" to consideration. 'I’tnsnonvneganwtyoonsumntscxpressmemss}tytham , o

. level production, price, cost of commodities or t.ranSponauon cannot be-
- negative, since in economics, negative quantities do not carry any sense. These
‘non-negative constraints can be expressedas: X *0,Y *Oandsoon.
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Check Your Progress 1:
Mark as 'I‘me(,}) orFalse( X):

| @ AnLPPcanhaveonly twodecisionvariables. ~ []

(b) Al constraints in an.LPP as well as its objective function mustbe linearin |

(c)EvetyLPPhasawuqueophmalsomnon | _ _ D

(d)ForaunvanablesLPP tlmmust‘be ancquatnumbaofemstramts

D..

MGMFMMJMWM

- In case of production, wtwnapmducerprodxmsasetofmodacts facesa
number of technical and physical constraints such as - constraint of availability
- of inputs, maximum capacity of production units or machines, availability of
skilled labour supply etc. Thcobpcuwofapmdmmgﬁm.smemnmm'-

'ofpmﬁtbtﬁﬂscbmmofpodwﬂmxw.amnﬂofou@lcﬂmrﬂymm
. prodwts depends on the rate of profit of the mdzv:dualpmductandonthe‘
constramtsfaoedbyd:eﬁrmmgodmmgmeptwucts.

Let, x,, SO bethcoutputofthe m’ pmductspmduced jointly by a
-ﬁn_n, % S beﬂ:eavaﬂablhlyof n” inputs used by the firm in the production
. of ‘m’products; p,, p,,....p,, represcntsthcrateofpmﬁtpérunitbt_’me ‘m’
- products; a; represents the amount of nhmput required wW'm @df
_the_;thproduct. -
Hmmcpmdnwmpmblemcanbefonnuiatedas Mammsemeproﬁt

R= plx, + pzx Freusasansnaalio +Pu X (Ob_lectwe Funcuon)

or M=pX,, : j.—:}_,'z,....,m . Subject to

........................................................




R R P R R R R R R R

L aESE =l 2.0

| -ox20, 0 j=L2,....m

5 Wemmmﬁszmmdanmmmfom
thnnmpoﬁi | ‘

_ n:pxsubjectto Ax<r, x20

P, %, g fur Big
. _ i a, a
p= pz X = xz r= r? andA“.‘ 21 ]
Ps X | rl @ % a,; A, -

. 3.SGeneanormulaﬁonddietProbiems

ﬂzdmmagenwmatﬁnhmmehcﬂdhv:lmnbcmademmehdpofm '
- programming technique in order to minimise the cost of diet without

-ammxmmsmgﬂ:emmnmnndadqummmofwmmm
‘good health. For example, thcco:munmhasmchooscacombmauonof m’

omnnndmestomunnnseﬂwcostofdmsansfymg n’ wequamyoonsuaxms
Let, x,, X,,...,X,, bethe ‘m’ food:tems L. rz, o mtheumumumdaxly
' requirement of nutrients; 3 is the amount of ith nutrient in per kg of jth food
“and 'P:‘» p-z;..-,pm#teﬁlepﬁbesof ‘m’ food items. '

Then the diet problem ¢an be formulated as —

C=px, +p, X, e Sorikineise +P X
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_Subjectto

Byy Xy 8K Fueceiniiiioninennas +a,, K, 21,

Y0 T PP, OF IO +a,, Xk, 20

8%, 8,5, Feeniivnnenicnniens +8,, Xy 21,
. Or

aX; 25, . i=12,..,n

x; 20, ' i=L2,..m

'We can represent the above formulation in matrix form
Minimise |
'C'zp’x.ﬂlbjectto. Axzr, x20

P : X, L a, a, -- | 2,

=| P2 1% 8. A a4y ap 8

p : * x s [} r_ aﬂd e ) . . e
LPa u LG Ay Ayt B ]

3.6GeneralFomulaﬁomaftrﬂ:sponaﬂonProhkms

'I‘hehnearpmgmmmmgcanbeusedmthepmblemofgoodstmnsponand
~even in passenger transport. In problem of transportation ofgoods, the
objecnve:swdewmmcﬂnq:umumammofgoodswbeumspomdfmm' . |
mhwmhmmmmhofﬂwmmﬂmsmommmmseﬂmmalm
: "oflranspmtwun.&lppose goods are transported from ‘m’ warehouses to ‘n’
mdshops. Wy, Waeee, Wy, are the maximum capacities of ‘m’ warehouses, )

R R .a!t_;hannmmmndadquumcment_of n’ retail shops; Cisthe

cost of transportation per unit of goods from ith warehouse to the jth retail

shop and x,; represent the amount of the good transported from ith warehouse
' | | 51 | S




to jth retail shop. _ _
The transportation problem can be formulated as -

. m n Pl ) . : .
C=3 3 cyxy (Objective Function)
i=l =l T
- Subjectto C= qu: L =12, ...;n
: g - ; - R
R N X R — +X,i =1,
Ku + xn'!' .................... +sz - rz
K Ry e e +X, =T,
and
n E
Yx,=w, i=12, ....m
= :
FOR W W S N— +X,, =W,
T T T Xy, =Wy,
Xy X+ X, =W,

3.7 GRAPH]C SOLUTION

- Two methods are generally available for solving the linear programming
_ problcms Onexsthemmplegmp}ucal mcmodandmeoﬂ:erlsthemathemancal
- method, known as the simplex methed. The g;raphxcal method is s:mple and is
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presented on a two dimensional diagram. It is suitable when one considers only

two vari'ablcs and when we have to consider more than two variables; the -
. graphical solution becomes extremely difficult to draw any conclusion. Insuch

cases, simplex method is extremely useful. The graphical solution involves two
 steps: (1) the graphical determination of the region of feasible solution and(2)
.the graph:cal presentation of the ob;ectlvc function. -

' Lctusmuierﬂnfcﬂbwmgpmbhmtohawamdeaabaudngmphmalmﬂmd
_' ofsolvmgﬂrhnearpmgmmungpmblems '
_ Amanufacmmrpmducesnulsmdbnltsfmsomemdusmalmacthry Ittakes’
ihomofwmkonmacmneAaRdSMQnmaclmeBtopmduccapackage
. ofnutswtnlczttakathmusennmhmeAandllmurmzmachmeBtopmdnce_
a package of bolts. Hee.amsproﬁtof Rs. 2.50 pcrpackage of nuts and Rs.
: lOOperpackageofbolts How many packageofcachshouldbepmdwedso
asmmammxzehlspmﬁufheopemxeshlsmmwa}nmtnhmnsaday%at
is the value of maximum amount of pmﬁt‘?

'-lfuns.smenamreofthcpmblem,wehave:oummlazeﬁmzmepmb;emm
mathematical form by finding the objective function and the other necessary
cmstmmts

Tosolvethepmblemlausconsidefﬂm'thénmufamuupmdtmxmkag&s

ofnmsmﬁYpmkmofboltstommlzeh:spmﬁt(p) Thmforcwobjemve
function becomes:

p=2.50X+1 OOYmuchnsmbemmzadsubjecttomechmngmmms
X+3Y< 12
3X+YS 12
Non—negativilyConstraints:
X3 0 Y20
Now to represent thcabove mequahues in graph paper, we have to transfcnn
ﬂ:cmmtltfolbmngfm
X+3Y=12
3X+Y=12

Thenext step is to find out the conrdmates for the both equanon by assurmng
 the value of X and Y as 0.
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Therefore,
when X=0, Y=4; s0 A .(0,4).
when Y=0, X=12; 50 B (12.0).

Sumlarly, when we take the 2nd equation: 3X+Y-l 2 we get zhe followmg

" when X:O, Y=12;C(0,12)
when Y=0, X=4; D (4,0).
Nowwcmmaposmmtopiotﬂwabovepmmsonmegmphamlbyplomng

umdngmphwrgetOADEssthefeas:biemgon which will yield optimum -
solution. There are fourcomcr po:_nts (0] (0,0). A (0.4), E(3,3) and D (4,0).

The next step s to draw the iso-profit line through these corner points to choose
meoumrmosnso-pmﬁthnc whwhywidsmaxmmpmﬁt. Wecani lgnore the
point O (0,0), which :mphes.

| p=2.50X+ 1.00 Y
. Iso-profit line passes through A (0,4):
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| '-mtom,bysuhmimﬁngxéom\'a;nmzsomlmy,wegu:
| p=250X0+1.00X4
=0+4.00
= 4.00
2.50)§+ 1.00Y=4.0d

Now, whin Y=0, substituting it in 2.50X+ 1.00 Y=4.00, we gt X=1.6. Thas,
when X=0, Y=4; A (0.4) and when Y=0, X=1.6; F(1.6,0).

Iso-profit line passes through point E (3,3):

| p=2.50X 3+1.00X.3=10.50

+ 250X+ 1.00 Y = 10.50 | _ _
Thus when, X =0, Y = 10.50; H (0,10.5) and when Y=0, X =4.2; 1(4.2,0).

Iso-profittiie passes through point BY4.0y
| P=250X+100Y | |
- 250x4+100%0=10 o
“Thus when, X =0, Y = 10; J(0,10) and when Y=0, X = 4; D (4,0).

Afier plotting the iso-profit lines in the graph through thé comer points of the
feasible region, it is found that the iso-profitline: 2.50X + 1.00Y = 10,50 the
outer most iso-profit line from the origin "O" indicating maximum profitof Rs:
10.50. This particular iso-profit line passes through the corner point E (3,3): Tt -
indicates that the manufacturer will produce 3 packages of nuts and 3 packages

of bolts to maximize his profit at Rs. {0.50. |

3.8 SIMPLEX METHOD

The simplex algorithm is an iterative method for finding the optimal solution of a
linear programming problem. If a feasible solution to the linear programming
problem exists, it is located at a comer point of the feasible region determined -




by the constrmnzs The simplex method, followmg thc iterative sean:h, locates
ﬁmcpmmlsoiunmﬁunanmngﬂ:esetdfeasibkmmmﬁngwmpmbhm
'I'hcnmplex:mthodmnmdmmﬂydm fcasxblesoiunms(notau) which are
locamdmﬂ:ecompo:ms.Byﬂnsnxﬂ:odwemoonsxderammnnmnbu z
of feasible solutions to obtain the o’pﬁmal solution. This method also tells us
whether a given solution is opnmalornot.'lbes:mplex nmﬂwdproceeds,by '
prepanngasermoftablescaﬂedsunplﬁxmbleaus. '

Now, we shall acquaint you with the snmplex pmcedure of solunon withthe
. help of an example.

Maximize - 'n:=40x+_35y-
Subjectto - 2x+3y<60
4x+3y <96

_ _ x;yéo
Solution: B
The first step in applying simplex method is to standardize the given problem.
For this, inequalities in the.constraints are converted into equality constraints.
'Thiscanbedmwﬁ&thmehelpofﬂackvaﬁabmmhstakcﬂhﬁmmmm-'
2x+3y<60 msanualnynwhuﬂmamrmofﬂ)emofﬁnmequahw
sngustessthanorequalwﬁo Statedmmherwayﬁnsequanmalsomm _

that there exista number say S, 2 0, which when added 1o the terms of the left
handsxdeofﬂnanuahtywﬂiomvemtnuoequamy 'I‘htsaddmmalmunbens |

known as slack variable. : _
'Applymgsiackvanables weconventheconstramtsasbclow : |
2x+3y+si 60
4x+3y+52 =96
andtlwobjectzvefuncuonas
© Maximize rc_’n40x+35y+0.$.+.0.82.
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ﬂneconvemdqbnlstraimscanbewritteh in the vector nofation as:
-—27":&:'-{-‘ AMyel s 4] 'S'.— =
FY R EY R 1) s RY A

- = Py(Structural vector) -

=P (Strué:ura! ‘vector)

- 1 & - 5 & - .
0] = Py(Identity vector)

. ?]= Pdldentity vector)
gﬁ] =Py (Identity vector)

Maximize x = 40x + 35y + 0.5, +0.5,
Subjectto Bix +Byy +PsS, +P;52 =B )
ad X y.8,5,20 - '
 Thisis the standardized form of the given problem.
| Ihskﬂﬁkxmbi&w.isfmmaparﬁcuh;way.ase;phimdbelqw;

Sages|] G —» | o |0 | 4|35 Replacementy
T B P | % | P Pl
. ol = e =
I ] P, 0 Lo} o 2 3% 2301
_ - T %
0 P, % i 4 . _1::—=~*=z4
'z ~ 0 10 0 0 R
z-¢, o [0 35




P, vector appears first, followed by the basis (identity) vectors, Viz.P,, P,

, foﬂowedbyﬂwsnuctumlvecmrsp andP,. Inﬂxeﬁrstmwofﬂmtable(c)w

wnmﬂrcoefﬁcmmof:hemtorofﬂieobjecmmmonmmesmndanhmd

~ formi, which is required to be maximized, following the order described inthe

table. In the first column of the table (C), wewnmthccoefﬁcwmsothebasls
vecmrsaltheﬁrststage

Next stage is to calculate elements of zj raw. These are calculawd asthe :
summation of products of elements of eachcoiumn vmorw:thoomsp‘JMmg '
elements of o column. For example, eiemcnts of P, colunmare(l 0), while

cmmspondmgciemms of c colmnnare{() 0). Hencc Z forP, coiumn is (0-
X1)+(©0X0)=0 :

Nextstep:smfamulatez]—c rowbysubtmcnngeachvalmofc gmmmthe '
first row of the table from the corresponding valuesof .

 Before going tothe next table, following testis used to determine whetber the

solution of the given hmpmgmnmngpmhlemrsan@mmlfemhwhmm N

urwhcﬂmmsmsarytomakemnhenterauons.memsmpcrfmnedm___ '
, (a)lfaliZ -C;20 mnpfnnalsoluuonhﬂsbmnohtmﬁd.fhmmm
teratmm‘»areneccssa.ry : _
®1fZ;-C; <0 forsomﬁcohnnnsthen

(i)IfalIcicmmsofmoseoohmfarwh:ch %—c-cﬂpossegsnchvtvalm, :
_ﬂ)esoluumswxllbcmﬁmtc

{i1) If some of the. elements of thcse columns (for which Z-C, <0) possess :
posluve vaiucs, furthcr :terauoas are mcessary to achieve the opmml soluuom

'Byapplymgﬂwaboveteslmourexamplentsfmndt!mImﬂleﬁrstslaga Z—-. ‘
-G va]uesamlcssman()forP andP Hamcﬁuﬁ:crmmuonxsneedadtoamm'
attheopnnmlsoluuon

Now, structural vectors are used to rcpiace the bams vectors in  turn. Wc will
have to decnde which vector is mplacmg and whlch vectoristo be replaced
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Rule for locating the replacing vector |
Réplamngvectorwzﬁbethatsﬂmﬂmlvectorwhmhhashxghcslmganve Z,- o
valucaumgstthcm[nthepresmtexamplep zsﬁmteplacmgvectm '
;Rule'forlouﬂngthevegtortobergphoed_ _
_Mmplmdvmisdewnnizﬁdbymofﬁndingmemﬁoo&xh-MM' 5
~* in B vector to the corresponding elements of the replacing vector, P, (in this
exampie). The basis vector associated with the smallest positive ratio would be
' the vector to be replaced. In this example, P, ws]lbeﬂxevectonobemplaced. '
' Fonhnsmplacemen:mnosaretobeca&culamd. '
'-Now.wccanmvcwstagell |

' Inthe second table, the replacing vector P, wxlibemtroducedmplaccofthc -
vector to be replaced P, mtheswondcohnmofﬂnsecondmble. .

i Wepmpateﬂlesecondtabh

- lsuses S—>1 1o lo |o _35_'_.!:&'
i l _ sl 5 ?gr Py ) _'?i P
0 2 1 0S5 10 S5 iy i3
o [E . 0 023§ 1 0.75 T, =me=32
L 1o fo v o |x '
4G 0 w |o | s

o Theelenmtsoftlnstablea:ecaiaﬂnmdmmefdhwmgway&

_ {a)ﬁchmmmﬁwmwofﬂnmwm? mtheswmdmblcaseobtamd‘
: bydmdmgeachelem:of? vectormth:ﬁrsttablebythecmespondmg '

", elemwfvector? mtheﬁrsttable Tbemfm elements of P, rowmthe

: seomdtabieare(calculated&omﬁrsttablc)
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By _1_4os
?;.;‘!.1_=il=l

29 _3 o35
ag) :

(b) The eleménts of the remaining rows are detcrmined by the following rule:
Elementsof P; row in table I are (calculated from table T)

345
4
331 2
il i 3)=1-(—,—x0)21
\ 241 * A
asy ' 2 ;
- ==X =0-l=x1|=-05
a4 [341 a“] 4 ] -
/ L
a3y — mxa‘“JnZ-ﬁ-(gxtl):O
| \ag 4
r 3 : -. ’
ay — 3.3“1“)('341}=3'-(2X3)=15
1\34] : : 4

Onceyouﬁﬂupaﬂtheceﬂsefthcmblcrepeattheprncedmoumnedabove, '
- ie., nextstepis to formulate 2 and Z -C, rows.

z-C, valuelslessthan(}forl’ Hencefurthcrzteratwmsneededwamveat'
theoptmm.lsolumn > '

- We will have to decide which vector 1s replacmg and which vector is to be
replaced.

Now, we can move to stage III

In the third table, the replacing vector P, will be introduced in place of the N
vector to. be replaced P, in the second cclumn of the second table.
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_ We prepare the third table

'smgescj‘;* 0 6 © n&‘*‘fm‘
' l Py P, Py P P, | -
EEARS s | os7 | wom| 0 | 1

i p| B | 0s0foo| 1} o
T Z | 1000 | 345 | 845 | @ | 3
x5 1- 345 | 845 0| o

The elements of th:s table are calculated in the following ways:

 (a) The elements in the raw of the new vector P, (newly introduced) in the third |
table are obtained by dividing each element of P, vector in the second table by

- the comesponding element of vector P, in the second table. Therefore; elements
of P, row in the third table are (calculated from second table): -

a3 .;'_.1_2_-_- 8

- az 15

332 : ..
a4 05 ;0,3'3
832 15

‘ ay _0 _o

332 15 3

ayp _15_

a3y 15

(b) The elements of the remaining rows are determined by the following rule:
_Elements of P, row in table IIT are (calculated from table IT).

a0 — [:ﬁ X am] =24 -(% x-IZ]_z' 18
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/. ' : _
: a.l-j-— EE‘X&)SJ:O_--(?LE)(.I):—O&
o A\23: : 15_ : _
a.llg-" mxag]=ﬂl‘5—(9}—§x(—{}5)) 050 <
_ o\ 5 -

a_.lz “‘(f:‘.i' x 3_3;) = 0-7.5_ (Eﬁ (15))

Omcywﬁliupaﬂthemﬂsofﬁwub&cmpcatﬂmpmwdmouﬂmedabme,
. e, nextstep:stofmmulmz and Z-C, rows. -

,Noneoflhezi-c vahleuhssthnno Hmcefmﬂmmmumsmtmdand.

mmmmmmwmmmmmsmmm_ |
.mmmdMP inP oahnun.lmhesamemyvalmdylsmadﬁmn'
_lhcvah:easwmﬂedwiﬂu’ in P, column.

x= 18, y =8.
mmmmmmmn g

R= (40X.18)+(35x8) = 1000

Check Your Progress1 .
List the steps involved in simplex method to a maximization problem.
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39 Concept of Duaiity

- Every linear programming pmblem has a com:spondmg dual problem A

maxmsatm;mbkmhasaomnwpondmgmm:mﬂmpmbhnarﬂvmm

The original problem is called the primal and the corresponding problemis

* called the dual. Theapumalsohmwofpnmalscmasﬁnopmmlsﬂmof
: the dual.

Rules of transformation from pnmal to dual pmblcm

(l)ﬁtdmc&onofoptnmzaﬂm:smvaseﬁ.ﬂummmmmnm
nmxxmxsauonpmgmnandwoe-vm'sa.

(2) The inequality sngns of the constramts are revcased ie. greaterthan equal
sign (2) becomes less than equal (<) in dual constraints and vice-versa.
(3) The coefficients of choice yariables in the objective function of the primal
program becomnes the constants of the constraints of dual program.
_ (4) The constants of ‘thc__ constraints o'f. the primal program becomes the-
~ coefficients of the dual choice variables in the objective function.
(5)The rows of the coefficient matrix of the constraints in the primal program
are transposed to columns for the coefficient matrix of constraints in the dual
(6) The primal choice variable x, is replaced by dual choice variable ¥,
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Ifthe primal programis -
Maximize 1t = g, x, + r;x,
Subjectto
 a,x, +a,x, S b,
ay,X, f'anx_zﬁbz- B
_. 'a3‘;,+ajzxz$b, '

3 22 ] O
- 'a_z-'-.a'nl [les'bz

_ \X; :
\8y 2p;/ b,

| X, %20
then the disal program will be
- Minimize x*=b,y, +b,y, +b,y,
. Subjectto
_ a..y.ﬂz.?;ﬂnr;?iﬁ.'
ali?! +a22¥3 +anY32r2.. .

in matrix form

_ Y .
' [au Ay 'asl] yl - 2-("1)
1 Y2 |+
a; _ai_z ay Y- i rz_.

3

he-Yar ¥s 20
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3.10 LETUS SUM UP
In this unit yo;i have leamt the meaning ahd gfaphic procedure of solution of
linera prcgramnung pmb}ems Linear programming is purely a mathematical
’ techmquc for the analysis of optimum @ctsmns subpcttoeenam constrmms in -
the fotm of linear mequahuw Itdeals with the optimization (maxmnzanon or
. ﬁunumzanm)ofaﬁmuonsubmtoasctofhmazmquakﬁmarﬂmmmm
known as constraints. Two methods are generally available for solving the linear
programming problems. One is the simple graphical method and the other is
the mathematical method, known as the simplex method, The graphical method
is simple and is presented on a two dirnensional diagram. It is suitable when
one considers only two variables. But when we have to consider more than
two variables; the graphical solution becomes extremely difficult to draw any
conclusion. In such cases, simplex method is extremely useful. The graphical -
 solution involves two steps: (1) the graphical determination of the ieg'ion"of
feasible solution and (2) the graphical presentation of the objective function.
* Further, we have illustrated the solution of a linear programming problemn by
simplex method. Simplex method is an it_eraliv'e procedure for finding, ina -'
: sysaemaucmnnet,dleoptlmal solution to a linear programming problem.
You haveleatmtomumzemobpcuve function subpctmnnquahtyoomam
by simplex method.

3.11 KEY WORDS

hnear?mmmh\g: umzpmgmmmngnspmelyaumﬁzmaldequ E
 for the analysis of optimum decisions subject to certain constraints in the form

i afbrmranmhues.

Simplex&leﬂlod Anmnvepwcedureforﬁndmg,masystem manner,
: meopnmalsolunmtoahnearpmgramnungpmblem

SimplexA!gorithm. Anmermweprocedureforﬁ:ﬁmg,masystemmm manner,
- the optimal solunontoalmarprogmmmmg problem. '
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: SlackVanable' kmupanyslackbe:weenmele&andmengmhandmde
ofﬂnmquahtyuponbmngconvemdmﬁoequauon J

| 3.12 TERMINAL QUESTIONS
s L Solveﬁaefoﬂowmgpmblem graplucally
- Meaximize p=x+4y
Subject to 2.x+3ys4 .
3x+y<3
i,y 0
2. Maximize x=i+4y
| Subjectto .2x+ 3y =4
g3
&yad-
3. Maximize 1l:=4x+.y
thjcct_m 4x+6y <8
6x+2ys6

x,y20"

: 3.13 ADDITIONAL READINGS

- Baruah Srinath (2001): Basic mamemancs and its Apphcanon in Econonucs,
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' Chiang Alpha C (1984): Fundamental MeﬂaodsofMamenmucal Ecenomics, |
McGraw-Hill, Singapore.

Yohra N D (2003): Quanutauve Techmques in Managcxmnt, Tata McGraw-.
Hill, New Delhi. ' FE
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UNIT 4

' GAME THEORY
Structure:
_ _4.‘f Introduction
"4.2 . Objectives .

- 43 .. Conceptof Game "
44 Assumpuonsof(}ameﬂ'nemy
45 Basic Concepts
46 - CharactensucsofGame'l‘l‘leory : _
4.7 Application of Game Theory in Duopoly
4.8 - Limitations of Game Theory
49 . Importance of Game Theory
410 Two-Person Zero-Sum Game -
411 Saddle Point with Pure Strategies
4.12 Saddle Point with Mixed Strategies
413 Dominance Rules
414 Graphic solution : '
4.15 Dmnmtsuﬂaegyethmumandwsheqmﬁbmm
4.16 Prisoner’s Dilemma
4.17 Repeated Game
4.18  Letussumup
419  KeyWords.
420 Terminal Questions
421 '_mmmg

_ 4.1 INTRODUCHON' _

'Gamc theory isa dwmphnc oonce:m:d with the decision making in situations
- where two or more rational players are involved under competitive conditions
~ and with conflicting interests, The prime objective in game theory is to determine
:: the rules of rati'oﬁa! behaviour in which the outcomes are dependent on the
- actionsofthe mterdcpendentplayets. Two person zero-sum games, solutionof
.- this game with saddle point, without saddie point, dommance rules, nush '
- equilibriur, prisoner’s dilema, repeated games are also discussed.
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4.2 OBJECTIVES:

This unit is concerned with the concept game theory and the variants of game.

* We shall also acquaint you with the importance and limitations of gamie antits -
- application in duopoly market. Further, this unit is concerned with fhe cohcé;it '

~ two-person zero-sum game and its solution. On readmg this unit, you stwuldbe ;
ableto: ' '

understaud the concept of g game thcory
S . know the basic tenumologles involved in game theory
o locate the d:fferenoes of different types of games.

o -refine your analyncal tools to present the pay-oﬂ’s of the players in matrix
form. wl?

- appmcimae the importance of game l-heory in economics.

e understand the t':cn;:ept'of iwa—persozi Zero-sum game.

®  solve two-person Zero-sum game. . - _

s Jocate the differences of games with pure strategles and mixed su‘aiegles.
® .rcﬁnc your analytical tools to solve game gmphmaily

s appreciate the importance of game theory in economics. -

43 CONCEPT OF GAME :

The theory of game was developed by Von Neumann in 1928 It was, however ;
-only after 1944 Von Neumann and Oskar Morgenstem published their now
‘well known "Theory of Games and Economic Behaviour” thanheﬂ\eorymcmved -'
the pmperattennon.Amommcemand m—deplhpmsematmn of the gametheory' ” 3
with econormc applications to economic probiems is found in the works of MJ.
' Osborne and A. Rubinstein (1994). The other 1mportant conmbutors to the
- game theory were John Nash and Thomas Schelling. In general, game theory is
concerned with the choice of an optimal strategy in conflicting situations. It deals
with the mathematical analysis of competitive problems and is based on the
minimax strategy put forwarded by Von Neumann, which implies that each
competitor will act s0as to minimize his maximum loss (Sr maximize his minimum
gain), In économics game theory can help a doupotist or an oligopolist to choose
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the course of action that maximizes the benefit or profit after considering all the

" possible actions of its rival. Inboth form of markets itis very difficult o amive at

‘adeterminate solution as the interests and strategies of the participants are
conflicting. Thus game theory, for example, can help an oligopolistic firm to

© T decide: (1) the conditions under which lowering of its price will not resultin

price war, (2) whether the firm shouid build excess capacity to d15courage the
 entry of new firm into the industry, even though it may incur lose in the short run;
(3) why cheating leads to break up ofcamels Game theory canbe ofgreatuse
in the analysis of conflicting situations like these Inshort, game theory can be
" defined as the modeling of economic decisions by games to gain competitive
advantage over the rival or to minimize the potential harm from a'strategic
“move by the rival, wfms_e outcomes depends on the decisions taken by the -
two or more agents or players, each having 1o make deci.sion_._w -without
- knowing what strategies each of them are following. -‘ -

44 ASSUMPTIONS OF GAME THEORY :
Thcﬂmyofganmshasedoncenamassmnpﬂons,whchammuomdbcm

() Thereis finite number of participants called players.

(b) Alistof ﬁmte or mfuute number of possible courses of action is available to
each player. The list need not be same for each player. Sucha game | is
sald tobe in nomxal form. '

(c) Aplayis played when each player chooses one of hxs courses of action,
the choices are assumed to be made s:mulganeously, so that no player
*knows his opponents choice until he has decided his own course of action.

| {d) Everyplayis ass_ociated.with an outcome, known as payoff, which -

' ‘determines a set of gains, one to each player. Here a loss is considered as

~ -anegative gain. Thus, after each play of the game, one player pays to
others an amount determined by the courses of actions chosen.

(¢) - All playersact rationally and intelligently. It means that each player has a
' consistent ranking over the all the possible outcomes and calculates the
© strategy that serves his interest best. Thus they are pcrfcct caicu]ators
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and flawless followers of best strategies.
() Eachpléyeraaemptstomaximize his gain or minimize loss.
() * Each player makes individual decision without direct communication. '

. (h) Each player knows ooniplete relevant information.

4.5 BASIC CONCEPTS :

Beforedlscussmgabmngammeorymdetaﬂ letusﬁrsttln'ow hghtontlw_ _
sonwbasmcmweptsofgmﬁleory

Every game theory involves players, suaIegles andpayoffs thusﬁrstd&ﬁm '
these three:

Player:

Eachofmcpammpantsmagam:scalbdaplayer Forcxamplemadmpoly
-themmmoﬂayerswﬁocanpamapawmﬂlegm

In game theory, a play results when each player has chosen acourse of.act.ion'._- :
The decision rule by which aplayerdeterrmnes his course of action 1scalleda

strategy Sunply strategts are the choices available to the players. Itclearly o
defines spec:fic course of action m\value terms for thapohcy.vanablc For. .

. _example, a strategy may consist of setting a price of Rs. 5. 00, spending Rs.

3000 on advertising, making a change i in the packaging of the product and

sellmgﬂ)epmdmtmthempermarkets Another strategy may mvc:lvckeepmg
price unchanged, spending Rs. !OOOtmadvemseumandspendngs 3000.00 -

_  onresearch and development activities for a new product and so on. On the -
 other hand the rivals will take their own course of action as agmnsteach of

_ these strategies separately They may take same course of action or may not
- take samie course of action. However, to reach the decision rcgardmg wluch
strategy lS to use, neither player needs to know the other's strategy. :
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Strategies can be of two types:

(a) Pure Strategy and (b) Mixed Strategy. A strategy is called pure strategy if a-
player decides to use only one particular course of action during every play. A -
© pure strategy is usually represented by a number with which course of action is -
. associated. No randomness is associated with this strategy. On the other hand,
if a player decided in advanced to use all the courses of action or so:he of
available courses of action in some fixed propomon, then the player is saxd o
use mixed strategy. A mixed strategy isa selection among pure strategm with
some fixed pmpomm ’ :
Payoﬂ':
The payoffis the outcome qrcenseqﬁen_ce of each strategy. While taking any

- -strategy by a firm some alternative strategies are available to the éoknpetitive ;
firms and payoffis the result of the each of the combination of strategies by the
firms. The payoff is usually ek'prcssed in terms of the profits or loses. In other .
: wonds a quanntauve measure of sausfacuon aperson getsat the end of each
_play is called a payoff. Itisa real -valued function ofvanablesm the game. Let

o v, be the payoffto the player p,, 1<i < n, is an n-person game. ‘

If Z v; =0, then the game is said to be a non-zero sum game. Payoff may be -
such that the gains of some players may and mayn not be direct losses of others
On the other hand the payoff matrix may also be considered as a table showing -
the amounts received by the player named at the left hand side after all possible
plays of the game The playernamnd atthe :opof the table makes the payment.

For example, if piayer A has m-courses of action and the player B has n-courses -
of actions, then a payaff matrix can be constructed as given below:

{a) Row designations for each matrix are t.he courses of action avaﬂable to
player A.

®) Column designations for matrix are the courses of action avail;ib!e toB.
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(c) Witha two-person zero-suth game, the cell entries in B's payoff matrix will
be the negative of corresponding entries in A's payoff matrix and the

matrices will appear as follows:
Table-1
. Payoff Matrix of Player A
Player B
1| a, | hu 'au | By 1 a,
2 2 a,, b & a,, - Ayeee | By,
g_ _ 3 ay a,, . Ay, * as,’ 3 a4,
h - - L] -
& : e : : :
! -an 8, 4, = Ayjuos L
m aml amz aué 5 arq'“ amu
_ Table-2
. Payoff Matrix of Player B
PlayerB
1 2 3 s oo n
l -3, =2, et - e § 0y
2 -4 | 2n —2, o . —Byee | A,
g 3| -a, | 2, e | e TR
= I A Pl
1 =2 =B —a, i R | T
m| e, | a,| an | - | | O '

ﬁmstbcsumofﬂacpaybﬁ"manicmofﬂnmplayersAand Barczcm Here,
the objective of the players is to determine the optimum strategies that result’
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optimum payoff to each, irrespective of the strategy used by the othér. Inthe -
. above payoff matrices constructed for A and B reflects that whatever is the

strategy followed by the Player A, the player B follows its own counter strategy -

out of the several alternatives available to it so as to minimize his lose. Here
negative payoff of the player B suggest that it is just the negative of the payoff
matrix A. Usually, _v-ve do not construct the payoff matrix for B, as it is just
* negative of A. -

Some Other Important Cdncepts:

Competitive Game: A compenuvc sntuat:on is called a compeunve game if it
possesses the following six properties:

1.  There are finite numbers of participants. The number of participants is
22 n=2, itiséa_lled_atvvo pérsongame; andifn= 2,the_-n itis called
T person game. Ca o : :

. 2. Each pcrson has a finite number of possrble courses of acﬂon

3. Each participant must know the possible coutses of action available to
others but must not know which of these will be chosen.

4, Aplayof the game occurs when each player chooses one of his courses
of action. The choices are assumed to be made simultaneously, so that
no participant no the choice of other until he has decided hisown.

5. Afterall participants have chosen a course of action, their respective
gainsare finite.

6. Thegainof the participant depends upon his actions as well as those of

others.

Two-Person Zero Sum Game: A game with two players, where a gain of one
player equals the loss to the other player is known as the o pefsan zero sum
game. Insuch type of game, interests of the two players are opposed so that.
the sum of their gains is zero. For example, if two players of chess agree that at
the end of the game the loser would pay Rs 100 to the winner of the game, then

it would mean a zero sum game since the gain of one is equal to the loss of the
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other (hlﬂwmlxcrhand zftherearenplaycrsandsumofﬂ;egmne:smmthcn

itis called n person zero sum game.

Two person zero sum game is also called rectangular games because thei.r.payoﬁ' '
matrix is in the rectangular form. A two person Zero sum game exhibits certain
characteristics as follows: ' '
1. - Onlytwo piayers participate.
2.  Each player has finite number of possmle courses of action.
3; Each specific strategy results i ina payoff
‘4. Total payoff to the two players at the end of each p!ay is'zero.

Non Zero Sum Game :

A game is called a non zero sum game if the gains or loses of one firm do not
come at the expenses of or provide equal benefit to the other firm. If for example
increased advertisement results in the higher profits to both the firms, itis a
positive sum game. On the other hand if increased advertisement results in rise
in cost than revenue suggesting a declining profit. This is acase of negative sum
, of game. Both these are the example of non-zero sum game.

- Co-operative Games:
Gamesin which joint-action agreements are enforceable are called cooperative
Non-cooperative Games:

Garnes in which enforcement of joint- acuongmmsamnotpo&sxbieandmdmdnai
must be a]lowed to act in their own interest are called non-cooperauvc games.

Uncenainty Model:

‘The assumption that each firm knows with certainty ﬂwexactvalue ofthc payoff
of each strategy is unrealistic. The most probable situation in real world is that
when a firm adopts a particular strategy, may eXpect a range of results foreach

counter-strategy followed by its rival, each with an associated probabilities.
Therefore the payoff matrix is constructed so as to include the expected value
of cach payoff. The expected value is the sum of the products of the poss;bie

outcomes of a pair of strategies (adopted by the two firms) each mu!npl;ed by.
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its probability. Mathematically,

| E(G”)‘:glip +g’iP+ +8aF, . #'igg

=1

where 8= =the sth ofmenposslbleouiconwsofsuatcgymfﬁrml(glvcmhal
Fmﬂhaschosen strategy j) :

B, =the probab:hty of the sth outcome of the s{tatagy i

Chetk Your Progrm 1

4 Markthcfollﬂwmgstatemembas?nmork‘alsc ‘

| cooperative games.

(a) Ina two—person game, both thc piayers should have ancqual number of
'straleeg:es . 5

D

(b) Games in which jamt*acuon agreements are enforceab!e are called |

5 '. (c) -Sadd_ie point is not the point of equilibrium.

- 4.6 CHARACT ER[STICS {)F GAME THEORY

“The game theory possess certain characterxstlcs which are menuonedbelow '

it :_(a)Chanceofstrategy Agmnemaybcgameofstratcgyorgamofchanoe
.Ifmagameacﬁwtxesaredﬁcmmxedbyskm itis said lobeagaxmofstrategy,
” andxftheyarcdetcrzmnedbychance 1t:sagamcofchance

' I(b) Number of persuns A game is called an n-person game if the number of .-

Pﬁmpiﬂ)’mgﬁicgammsn mepersonmeansanmdmdualoragrmpmnnng
axaparucularob_;ecuve ¢ i P

: (c) Number of activities The number of aCUVitxcs ina game may be finite or

L

() Nm;ﬁber of alternatives: Number of alternatives available toeach ﬁeﬁon
" ina pamcu!ar activity may also be finite or infinite. A finite game has a finite
number of activities, each mvoivmg a ﬁmte number of altermatives, otherwnse
_ thegammssaidtobemﬁmtc ' -
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| (¢) Information tq'the players: Information to the players about thé past
. activities of other players is completely available, pan]y -avaiiabiel, ornotavailable
atall. ' - ; )

' 47 APPLICATION OF GAME THEORY INDUOPOLY :

Game theory shows the importance tbduépo]js}s'inﬁndingm:\Naytbégréé. :

_Ith:ipstoexplainwhyduopoiypﬂcestendtébtaduﬁnisteredinarigidwayIf -

 prices were to change often, tacit agreements would not be found and would
be difficult to enforce. Asenmmmm!yunald:ﬁc:ﬂtyundmchnpolymdmcﬂy :
- outofafirm's need to take account of its competitor's reaction patterns. When
a firm's manager thinks about making adecision, he takes into account the
hkelyrespmseoflnscom;nﬁtmsmmhnkmhastomgmzc&mﬂusomnpam

w0, is likely to take this interdependence phenomenon into account. The firms, - B

thus, attempt to outguess each other. This leads to interplay of anticipated
' strategies and counter strategies which leads to a complicated situation. The -

firmis only led to advance a.longanmﬁma:sequeme ofcmnpomdedhypodrses
| about its uvai

: Timcamthreewaysmmﬁveﬂmcmﬁzs:onandmnustsbavcumsbmalysc
duopoly based on the following:

(a) One appmach which businessmen a!so adopt in practice is to assume that
the firms ignore the interdependence for minor day-to-day demsmns and
recognize it only with regard to afew major policy actions wluch are .

very rarely taken up

® Another approachto sunphfy duopoly analysis is for a firm to aniicipate
the nature of competmve reactions on the basis of guesswork'on past
'cxpenences In such cases, it is possible to take the reacuon pattein into
account and decide on a stralegy, which is opnmal m terms of the

) -expenenc&s

(c) Thethird approach to solve duopoly behaviour is thmugh game rheory In
this approach, the firm is not taken to guess at his opponent's reaction
pattern, but instead is thought to calculate the optimal moves of the

competitor - his rival's best possible stratcoxes and prepare his own
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 defences and counter meaé;ures.éc.coxﬂing!y Some important models of
duopoly viz., Cournot model, Stackelberg model etc. can be ana}yzed in
 the game format. '

4.8 LIMITATIONS OF GAME THEORY
 Game theory, which was initially received in literature with greatenthusiasm as
holding promise, has been found to have ';ilo_t of limitations. Some important
*limitations of the game theory are mentioned bellow: _
' (a) The assumption that the players have the knoﬁlcdgé about their own

. payoffs and paynffs of their opponents is rather unrealistic. He can oniy '
make aguess of his own and his rival strategies. -

(b) As the numberofpiayersmreasesmﬁwgam theanaiys:sofﬂlegmnmg-
strategies become increasingly difficult and complex. In practice, there
aremanyﬁmsmanoixmpolymﬁmlmarﬂgmﬂmrymnm{bevery '
hclpﬁll msuchsmlanons

(c) The assumpuons of maximin and minimax show that the players arerisk- o
© averter and have complete knowledge of the strategies. These do not
seem practical. ) '

(d)' Rather than each player in an oligopoly situation making under uncertain
conditions, thie players will allow each other to share the secrets of business
in order to work out a collusion and under such situations mixed strategies
are not very helpful. |

Check Your ngress 2
Menm:m three limnitations of the game t}my
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4.9 IMPORTANCE OF GAME THEORY |

* Game theory as applied to value ﬂmry possesses the fb'lloﬁr.ifigl.mérit_s; : - J
(&) Game theory shows the importance to duopolists in finding some way to
agree. It helps to explain why duopoly prices tend to be administered in
* arigid way. If prices were to change often, tacit a,,reemems wauld mt be
" found and would be difficutt to enforce.

' (b) Game theory also highlights the importance of self-interest in the business . . -

world. In game theory, self-interest is routed through the mechanism of

. economic competmon to bring thc systemto the saddle pomt This shows ba

theexistence of perfectly competitive market.
(c) Game theory tries to explain how duopoly pmblem can 0t be detenmne:d 1

(d) Game theory has been used to explain the market eqm}mnmn when more
than two firms are involved. The solution lies in either col!usmn or non--'_-- L

coltusion. These are known as cooperatwe nonconstam sum game and‘- o

non—conperanvc game zespecnvei y..

(e "Pnsoner's Dilemma" in game theory points towards collectlvc dec:smn— B

making and the need for cooperation and common rules of_;_ngd,_

(h The importance of the pay-off values lies in predicting 'the-joutcomes of
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a series of alternative choxccs on £he pan of the player. Thus a perfect

i knowkedgec-fthepay-offmamxtoaplayermphesperfectpmhcﬂmsof P

all factors affecting the outcomc of alternative strategies. Moreover, the
- minimax principle shows to the player the next course of action, which
would minimize the losses if the worst possable situation arose.
()" Game theoryis Sl iEsoiving hepnblenobbomss, bk
management. As a matter of fact, a business always mes to guess the
strategy of his opponents soas to implement his plans morc eff@c:ﬂvely

() Lastbutnot the. Jeast, r.here are certain economic pu_'oblems, which involve
risk and technical relations. They can be handied with the help of the
theory of games. Problems of linear programsiing and activity analysis

can provide the main basis for economic application of the theory of games.

~ 4.10 TWO-PERSON ZERO-SUM GAME
You have atready come to know that a game Iwith two players, where again of -
one player equals the loss to the other player, is known as the twn-perﬁon
zero-sum game. In such type of game, interests of the two players are opposed

. so that the sum of their gains is zero. For example, if two players of chess agree
that at the end of the game the loser would pay Rs. 100 to the winner of the _

~ game, then it would rean a zero sum game since the gain of one isequéltothc

_ loss of the other. On the other hand, if there are n players and sum of thc game

is zero then itis ca]ied n- person zero-sum game.

“Two-persdn zero-sum game s also calied rectangﬂlargam because their payoff
matrix is in the rectangular form. A two-person zero-sum game exhibits certain -
- ch;réctcdstics asfollows:

1 Only two players paiﬁcipﬁte- * _ _ .
2. Each player has finite number of possible courses of action.

3. Each specific strategy results in‘a payoff. .

Totat payoff to the two players at the end of each play is zero.
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‘Maximin and Minimax Strategy:

" Consider a two-person zero-sum game involving the set of pufe strategies
a={A.A, ,A,} forplayer Aand B = (B,,B,} for player B and having the
following payoff matrix for the player A. ) -

' _Piﬁyer.B. _ _
B, Ba .|Row Minimar
; A 5 . 2 .
)
= -
- R S 8 i 6 6
A, | 6 4 |4
Column Maxima ¢ 9 _ 6

Suppose player A starts the game kﬁow'mg fully well that whatever strategy he
~ adopts, B will select that particular counter strategy which will minimize the
payoffto A. Now if player A selects the strategy A, player B will reply by
selecting B, as this com:sponds to the minimum payoff 1o A in the first row
corresponding to A, . Similarly if A chooses the sirategy A, , he may gain8or6
depending upon the strategy chosen by B. However, A can guarantee a gam of

at least minimum {8,6}= 6 regardless ofthe strategy chosen by B. thus whatever "
strategy A may adopt, he can guarantee only minimum of the correspondmg -
row payoffs. These corresponding to each A, € o= are indicated by forminga -

- column vector r= {2, 6,4} of the row rmmma Naturally A would like 10

maximize his gain, which is just the largest componcnt ofrr. inthe above example
_ the selectionof A, will give the maximum (max {2,6,4}=06) of the minimum -
gains to A. wc can call this gain as the maxmun value of the game and the

correspondmg strategy is called as maximin strategy

On the other hand, player B wishes to minimize his Ioses If he plays: strategy
B, his loss is at most max {9, 8, 6}=9 regardless of what strategy A has =

followed. He can lose no more than max {2, 6,4}=6ifhe plays B,.These =
maximum loses corresponding to each B & B are indicated by forming a row
vectorC = (9,6} of the column maxima. The smallest component of C represents
the minimum possible loss to B whatever strategy he adopts. This minimum of

maximum loses will be called the mimimax value of the game and the
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cdn'e;ipqﬁding smgy is called as the minimax strategy. |
Thus fmrn the above example it is seen that the maximum of row minimum is
| equa! tothe mmunum of the columnn maxima,._}h symbols,
Ma:ﬁ_{ri p=6=min{c}
Or  max,[min,(a,}] =6=min (max,{a]

The selection of maximin and minimax strategies by the players A and B was
~ based upon the so called maximin-minimax principle, which guarantees the
best of the worst results. The cOnéspmding pure strategies where both maximin
and minimax value of the game are equal, called as the upﬁmum strategies.

' Saddie Point:

_'Asaddlepomtofapayoﬁmmﬂmtposmonmﬂmmmxwhemmemaxnnumof
row minima coincides with the minimum of the column maxima. The comresponding
payoﬁai the saddle pomtr;caﬂed the value of the oameand is obviously equial tothe
nmmnandnunnnaxvalmofﬁngm: Ingencra!,thefdlowmgmksamfoliowed-
fordetammmgsadrﬂepomL

* {(a) Select the minimum element of each row of the pajaoff matrix and mark

(b) Select the greatest elements of each column of the payoff matrix and mark
Hons, o ;

~ (c) Ifthere appears an element in the pajzoff matrix marked, the position of
_ thatelement is a saddle point of the payoff matrix.

Onthe other hand, sometimes it is not possible to get saddie point by using pure
strategy. Under such situation one has to use mixed strategies by mixing some or
allof their possible courses of action to get the best possible strategy.

4,11 SADDLE POINT WITH PURE STRATEGIES

The leamer has already come to know the procedure of finding the saddle point
~ with pure strategies. Let us now take few examples to illustrate the solulmn of
 games with pure strategies.
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Exam;ilel:

Player B
B, B, B,
- :
g [ 4 ; *
E A, 0 i -3
A, 1 5 -1

Solution. Fromthe gwen pay-off matrix we have to fmd out minimum payoff '

in each row and minimum payoff for each column. The row minima vecmr r'
is obtained by writing the minimum payoffof each row. The largest component
of "¢ represents the minimum value* v". The column maxima vector ¢ is
obminedbywﬁ&ngﬁ:mhnmpawﬁ'ofeachmlunm.mmmm ;
of ¢ represents the minimax value v .

B, ' 132 B, " {Row Minimar
< _
5 A1 ‘ 3 1 L
f A, 0 -4 : -3 - -4

| A, 1 . § .=l 1
Column Maximac | - | 5 1

Théman:ixhast_wosaddlcpointsaipositions(l,l)and(lﬂ).'i’husqxesofntion 8
to the game is given by: -
(@ TheopumumstraaegyforpldyerAusA

(l:;) - The opumum strategy for player Bis elther B or B,.ie, B can
use either of the two strategies.

()  Thevalue of the game is | for A and -1 for B.
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Examplei!

Player B

ﬁ Bl Bz Bl 1 .
2 —
B A 8
. 4 12 - 2
Solution:

From xhc-gi_v_en pay-off matrix we have to find out minirri_um payoff in
each row and minimum payoff for each column, The row minima vector -
_'r'is obtained by writing the minimum payoff of each row. The largest
component of ' represents the minimum value' v, The column maxima
vector ¢ is obtained by writing the maximum payoff of each column. The
smallest component of ¢ represents the minimax value ¥ . |

Player B
B, | B, B, Row Minimar
< s :
ol A, 6 8 6 6
g _ |
. A, ] 4 12 2 -2
Maxima 6 . 1_2 6
c L,

The matrix has two saddle points at positions (1,1) and (1,3), that is,

saddle pointexists atA B andatAB,. Thus the solution to the game is

givenby: R L P oa W
(@), . Theoptimum strategy for player Ais A .

(b)~  The opiimum strategy for player Bis B,.

() The value of the game isl 6 for A and -6 for B.
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Check Your Progress 1: :Sol'{ve the following game:

o Player B
: g B, _ B, B,
k] A, 2 | 16 12
3 3 ’ 24 | . . 4
Example X

Two competmg firms want to open their next branch at one of the three cities:
A, B and C, whose distance proﬁ!e is gwen below. If both compames open
their branches in the same city, they will split the business evenly. If, however,
' they build the branches in different cities, the company that is closer to the
remaining city will get all that city’s business. If all the three cities have the same
_amount of business of Rs. 100 lakhs, where should the fum'oj)cn the branches? -

Distance Profile

FromAtoB 25km

FromAtoC 18km’

FromBtoC 22km
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Solution:

Letthe strategies A, A, and A, implies that the firm I opens the branch at cities

A, B and C respectively. Similarly, strategies B , B, and B, imply that firm II
opens the branch at cities A B and C respectively. The pay-off matrix for the
ﬁzm [is grven below:

Firm11
. Bl Bﬂ BS
"E‘ A, 150 | 200 | 100
- A, 100 150 | 100
A, |20 | 200 | O

' Saddle point occurs at the point when the firm I adopts strategy A, and firm I
- adopts strategy B,, where,

max [min, {a }] =150=min‘[max.{a,.ﬁ.}.}

Le., both the firms should open their branches in mty C.

. Thevalueofthe tramet'.:mfu'mhs Rs. 150 lakhs

- 4.12 SADbLE POINT WITH MIXED STRATEGIES

In some game no saddle pcml occurs and under such circumstances it is not
possible to find outits solution interms of the maximin- mmxmaxstrategy Games
without saddle points are not strictly determined. Let us take the following game:

v, Té 28 3 =B
_ |4 5 4| -4
Column Maxima 6.5 4
In the above example, max . mina =-2<4=min.maxa,

' The solution of such problems can be obtamed by using mixed strategy. A mixed
" strategy referstoa combmauon of two or more strategies that are selected one
ata time, according to pre-determined pmbablhtzes._thaz is, at the time of using
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~ the mixed strategy a player has to make decision to mix his choices among
several alternatives in a certain ratio. For any givéﬁ tWo-person 'zet-c_ysum game
‘where there is no saddle point, the game is solved through miixed strategies in.
the following manner: ' - '

a,; a;
@y 8y

Let playef.A‘s_ strate‘gi_es are represented by probabilities ( p,, p, ) and that of

Given the game,

B's by ( q,, g, ). Now the values of p,,- p,,q, and g, are deten_nini:d by
following the following formulae, ' * =

d, — 3, i - @, —dp

= 2 =

- a, +ay —a; —a,’ 4, tayn—a; —a;
. Ay =8y . : 4, —a,

% y . Mi= _
a, tay—ay—a,; a, +ay,; —ay —ap

The value of the game for player Ais 'given by

V= a8y, —ayad,

atay, —ay —a,

Example: Solve the following game:
3° -5
S

By applying the formulae of mixed strategies,

Solution:

p, = Ay —dy _ 1-(-1) __%
VT A tap -y ~a, 3+1-(-D-(-5) 10,

p, = a,~ 3, » 3=(=J) ':i
1T a, tap -2y —a; 3+I-(=D-(H 10

Ay —ap, 1'('."5) S 6

ghe T, tay-ay A, T3+1-(=)=(-5 10
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a,—4y

- 3-(-D)

q,
a, tay—a,—a,

The opumai strategy for the first piayer is (

(E i}
Sl10710)

. et
3+1-ED-¢9 10

2 8)
10°10

 The value of the garne for player Aisgivenby

V= a,dy

~a,3, _

4, T2 =2, —a,,

20 1

IOO s

- Example: -Solve the following game

PlayerB

28 0

Player A

12

_ Solution: By applying the formulae of mixed strateg'es.'.

10

_28

12

226

mopmmlsuawafommfmpzayerm(

205
38 38)"

e ap-a, 122 10
' a, 48, -2y, -2, 28“.2“2;0 - 38
Al ay-a, _ 280
T8 ¥a,-a,—a, 28+12-2-0 38
o Bnd L 12-0 12
' a, +a,-a,-a, 28+12-2-0 38
- a“‘-a-;, 28 2
g = o '
Tcoaptany—a,-a, 28+l2 2-0 38

10
38" 38

and for the sccond piaycr '

) and forthe secondplayet _



The value of the game for player Ais givenby |

Caap-aya,  28X12-2x0_336 _

V= SR s
_au'i'an—az,—a,: 28+12-2-0 38
| Check Your Progress 2
Solve the following game: |
PlayefB

< . B, B,

3 2

E A; L —

A, -6 4

(Hint: This is a problem of mixed strategies)
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413 DOMINANCE RULES

Inagameitis possﬂaie to getastrategy available to a player preferable tosome
other strategy(ies). Such a strategy is said to dominate the other strawgy(ws)
: Thedommamerui&smofuumnnmtamc ms;mphfymgthegam Letus
- illustrate the dominance miesthhexampies.

4

Player B
< -6 | 4 » .5
s . -
é‘* 9 [ sm] | 6
' -6 | -l I

Lctué:ake’thestm:cgiesopcntdpiaycrA,Heré.-cvcry element of the second

~ strategy (row) exceeds the corresponding element of the third strategy (row).

The player A shall never play strategy no. 3. Thus the third strategy is dominated

~ bythe second strategy. Hemefonowmgmemleomomamﬁmbovegm-
‘is reduced to;

<t %5 | 4
é | 9 =
Similarly inthe above game it is seen that the values of the'thirdcqlumziam‘
greater than their counterpats in the second columa. Since player B would like
tommnmzeﬂwpay—oﬁ'sto&ntwouldalwayspmfertochmseswmdcolumn

_ msteadofthctlurd.ﬁusﬂwthudstraﬁcﬂynsdouunatedbyﬂwsecond The
game is, thus, reduced to:-

PlayerB

< | -6 s | s
;;g-g_ 1 6

Thus, by applying the rule of dominance on a player's strategy in a game we get
areduced game. ' ' ,
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4.14 GRAPHIC SOLUTION

A two-person zero-sum game of 2x 2, 2xn or mx 2 types can also be’
solved by graphic methbd; Here, the straight lines arc drawn to represent '
respective strategies. For each value of x, the heightoflines atm;itpohitdcnotes
the pay-offs of each of B's strategles against (x, 1-x) for A, A is concerned
- with his least payaoﬁ‘ when he plays a particular strategy and wishes to choose
X 50as to maximize his nvmmumpay—off Thcvalueof!hegamelsshownbythe
dotted vertical lines inthe following graphs. : '

Exanmle Solve the following game graph!cally

PlayerB
‘g [ 4 ©3 '_ !
=1 8 | s ]2
v, "'1a |1.

E
.
®)
©o

.10
The optimal strategy for the first playcr is (0.27, 0.73) and for the second

player is (0,0.82,0.18). The value of the game for p!ayer Ai is 4.45.
9{1




Example:

Solve the following game graphically:
: Player B
- 6 | 7 g
~ Solution:
1¢ ' _ o e
W

- | . 9
3 8

:'-3 ' _ : -
. The optimal strategy for the first player is (0.64,0.36) and for the second player
is (0, 0.43,0.57). The value of the game for player A is 1.86.
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Example:

 Solvethe following game graphically:
PlayerB
< 8 5 -7 9
2| 6| 6 4 -2
3 fz ' o .13-
1 : 4 : 11

The optimal strategy for the first player is (0.40, 0.60) and fort_thé_secon_d
player s (0.44, 0,0.56,0). The value of the game for player A is -0.40.
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Solve the following game graphically:
i ' PlayerB
6 4 3

- : _
g‘-- 2 | 4 | 8

118 -
'
10 | : B 10
9 ]
= 8
7 7
s s
§ - 18
* i NG e
: ,// by | \\
o i . i
3 Sl _ bl
1ed ' Tt
B |
2 ; 2
! Lo
1 ; 1
5 ] |
| 1
0 0.28 0.8 0.05 0
W 3 . oA

‘The optimal strategy for the first player is (0.80, 0.20) and for the second
playeris (0, 1, 0). The value of the game for player Ais4.




Check Your Progress3

Solve the folhwmgga:mgraplmaﬂy
PlayerB -
< 2 .
B 7 3
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4.15 Dominant Strategy and Nash Equilibrium:
The dominant strategy is the optimal choice of the player, no mater what his/her
opponent does. It is a strategy that yields higher payoffs to a player for every
 strategy of his/her opponent. In other words if both the firms have dominant
~ strategy, each of them can choose their own optimal strategy regardless what

their opponents are doing. On the 6ther hand, not all games have a dominant

strategy foreach player. Unde:suchgmaum Nash Ethbﬁumexm According

" to Nash, firms reach tkmrequﬂabnum state when they are domg&mrbest.g;ven
what its competitors are doing. In terms of price theory, doing _l!mbestn_:eans
~ maximizing profits and what others are doing means what rate of output their
opponents are producing or what price they are chargmg or what advertising
expenditute they are incurring to promote the sales of their products. When
each firm is doing its best, given what mmmdoing,mom has'any incentives
to change its behaviour and hence equilibrium exists, Nash Equilibrium describes
a set of strategies where each player believes that it is doing the best it can,
given the strategy of the other player. More specifically, the Nash Equlhbnum is
asituation in which each player chooses an optimal strategy, g:ven the strategy
. chosen by the other player. Comnotsolutxomsmexamp!eofNasthumbnum
' NmaﬂgmmhavraNasthuﬂnbnummdmgmmhavemeﬂmnomﬁx
example, :fmepayoffsafﬁrm 1 andﬁrmZare

Adverisement | 4,3) i | I
" DonotAdvertisement | (2,5 = (3,2)
Thatis N B N
" Firm U's payoff - ' Firm 2's payoff
Adv.  Domot Adv.  Domot
- Adv. 4 5 | Adv 3
Donot || 2 3 Donot | 5 2
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| Bmcb&ﬂmfmbmhﬂnnsadvuﬁscmnmdmmmmamgy T}mequ:hbmlm

pomugnmilbe(adv adv.)or(4,3). lttscaﬂeddonunan{smgyequlhbnum bR

But, if the firm 1’s payoﬁ' changes to

"Adv.  Donot
Advv [ 4 5
~ Domot | 2 6

then t‘or firm 2, advertisement is dominant strategy So it always goes for -
-adverusement without considering what firm 1 does. But firm 1 has notclcar
cut doxmnamc. Theret‘ore, it will be guided by firm 2’s action.

thnfi.rmZadvems&s
1fﬁrm I advauscs,payoﬁ'ofﬁnnl 4
lff'mnldonotadvemses payotfofﬁrml#Z

Henee..lt mheuerforﬁnn 1 toadvmlsewhenﬁunhdvmsﬂ‘heeqmlﬂmum
. (4.3)1scalledth=Nasheqmlibnm

'-4,16 Pﬁmner’sDilemma

Unhkcmmsumgamwhemomﬁrm sloss:snemssaxﬂy&momerfirm sgam
and vice versa, the non zero sumorvanabie sum games refer to asituation”
_ -whaeﬂwreenstsapndy;mfcmdmmhemmofapnﬂyprcfemd“_

| 'wwommmsmmbmhp!aymmybcablcwux:mascthewpayo&sthmugh

some firms of cooperation or agreemcm.

The variable sum games are divided into »-cooperatlve games and non
cooperative games. Inacoopﬁauvegame,theplaycrsmassmmdtobemmal
torealazemannsmumaﬂyadvamageouswowperammanyandcvayacum
whichis hkelytobeueﬁtatleastomof the players without affecting the other -

| adve;sely Butmanoncoopcmnvegmm there is no communication between . |

the participants and there is no way to reach or enforce agreements. The most
popular form of a non cooperative game :,sl_cnownasthe?nsqner *s Dilemma.
It can be explained with the help of the followingexample:
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Two criminals are arrested after committing a robbery. However;- in absence of
‘ adéqua_te evidence, their conviction depends upon the expression of one or
both these criminals. If _nei_thér s_ﬁspect confesses, it will be difficult to convict -
~ them and each one of them will receive only a minor sentence. On the other
hand, the prosecutor pmrhises no punishmenf to the one who co\ﬁfesses and
heavy sentence (say 15 yéars in jail) for the one who does not confess. If both
, of them confess then each will receive an intermediate term punishment. Each
 suspect s iﬁmgawd in isolation, i_.'c. there is nocommunication bctwa@u them
. and therefore, neither of Lhcm knows what the other is gpiﬁg to do. So, each
suspéct has the following two strategies and accordingly the following payoffs :

Suspect2 -
* Not Confess ~ Confess
NotConfess | Noprisontermfor | 15 years' prisbn term
: ‘ : both : for | and suspended
| Suspect 1 S o (0,0) * sentence for 2
' : ' (15.0)
I (A Suspended sentence 8 years’ prison term
| NotConfess | - .1 and 15 years® for both
prisontermfor2 | (8,8)

" (0,15)

GiV.en‘_th_e lack of communication between the suspects and Lhe uncertainty as
to thc.i'oya] ty of other suspect, each one of them prefers to adopt the second
sirategy (confess, coﬂfes‘s). So, they get 8 years’ 'im;}risonment. Certainly they
are worse off than a situation where none of them would have confessed so that
they would have gone free. Due to lack of communication and trﬁ_st, theyarein
a worse situation than they could have been. However, the decision of each
suspect in favour pf confession is quite rational because each person works in
self-interest tries to make the ‘best’ of the *‘worse’ outcomes in an uncertain
situation. Thus, situation of non 2610 sum gamescan be acfiieved with the help
of prisoner’s dilemma. - |
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417 Repeated Game :

In game theory,a repeated ganw is an extensive formof game whichconsists in-
some number of repéatitibns of some base game (called a stage game). [n.
 other words, when players interact by playing asimilar stage game (such as the
Prisoner’s Ditemma) numerous times, the game is called a repeated garne. The - '
number of repeatitions may be finite orinfinite and accordingly games are called
finitely repeated and infinitely repeated games. The number of repeatitions may
be known in advancc or there may be an expeczauon that the game will be
repeated. Partici ipants in repeated games have an mcermve to choose their
_ strategies taking into account how their actions in each play of the game will
affectﬂmreputanon ﬁlatls,bowotherpammpantswﬂlexpectthemwbehave
*in future rounds of the game. Onesmlangfeaumafmanygameseg,msoner s
Dilemma is that the Nash equilibria are nox cooperative. Each player would
prefer to fink than to cooperae. Repeated games can mcorporatc phenomena |
in which case coopcrauve behaviour can be estabhshed asaresult of rational

418 LETUS SUM UP

" mﬁnsumtyouhavecomtoknowtmcmptgazmﬂmyanddmvanamsof
game. We shall also acquanuyouwuhmemmonanceandknutamnsofganw
ant its application in duopoly market. ‘

Further, you have leamt the concept of two-person zero-sum game. In zero-
sum game, one player’s payoff should be the mgauve of the payoff to the other
player You have also learnt in details about the solution pmcedurcs of two-
Person zero-sum game. mgmphlcmcmodcan alsobeapphedtosoive games
in appmpnaw places. :

' 4!9 KEYWORDS

Game: Game theory isa dxsmplme concerned with the decision makmg m_
" sinsations where two or more rational players are involved under competitive
conditions and with conflicting interests. '
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Two-Person Zero-Sum Game: A game with two players, 'whcm'a_gain of

" one player equals the loss to the other player is known as the two-person zero-
sumgame. -

‘Duopoly It;samrketsnmaﬂonwhcm&mmonlymseﬁers in &:emmket

competing with each other

'IWo-Paemon Zero-Sum Game:

A game with two players, where a gain of one player equals thc loss to thr.
other player is known as the two-pmson zero-sumgame ' '

WPmnt' .
_Asadﬁkpdhubfapayoﬁmixisﬂmtpodﬁmhdrmmm'mm :
of row minima coincides with the minimurn of the column maxima.

anue of a Game: - ' |

_Thecoﬂcspondmgpayoffmthesaddlepomtlscalbdthcvalueoﬂhem'
andnsequaltothcmmmmmdzmmmaxvaimofthegm

4.20 TERMINAL QUESTIONS
l.WhéIis_gmmthwfy?Explaiﬁiﬁiznpmmweinecmwmics; '
Q.Explaiimiécbnoepmftwo-pe;smzem—smﬁgm, o

_ 3. Solve the following tvm-petsongames.

15 0 -2

' - .-"40‘.1
1o =15 =11 " _
(a). : '(b}[ ]

11 2 ol S 3 8}

4. Solve the following gare graphically:

B’sstrategy

B — :
18 s | 2
: 6 -3
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; 3:Exp1ainthcﬁﬂeso_fdmﬁinance'inmemcotj'quame.l |
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